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Chapter 1

Introduction

A reconciliation of a plausible structure of space-time at a short length scale i.e. in
the vicinity of Planck scale and the eventual emergence of space-time as we perceive
it at a longer length scale as a pseudo-Riemannian differentiable manifold, is arguably
one of the most challenging problems in modern physics : the so-called “ holy grail”
of contemporary theoretical physics. In order to formulate a full quantum theory of
gravity, one needs a more systematic and sophisticated approach to confront the ques-
tion regarding the nature of space-time itself at very short length scales or equivalently
very high energy scales, like in the vicinity of Planck scale. As far as we are aware,
it was Bronstein [1] who was first person to advance the argument suggesting that
any attempt to localize an event down to such a length scale will inevitably result in
gravitational collapse, forming a black hole with an attendant event horizon. This, in
turn, will hide all the sought-after information, thereby rendering these information
inaccessible to any outside observer. This was carried forward further by Sergio Do-
plicher, Klaus Fredenhagen, and John Roberts [2,3] in a more rigorous approach, where
they could demonstrate the inevitability of such a scenario, if the basic tenets of both
general relativity and quantum theory are extrapolated to that scale. They pointed
out the need for a quantum notion of space -time at such short length scales where the
quantum nature of space-time manifested through the non-commuting nature of the
coordinates, which are now promoted to the level of operators.

On the other hand, one can intuitively understand the main discrepancy between
quantum mechanics and general relativity from Einsteins equations:

G + Aguw = 87GT),, (1.1)

where the gravitational field, i.e. that of the geometry of space-time, is captured by the
curvature tensor (and hence by the metric tensor) which occurs in the left hand side
of the above equation through a certain contracted form of the curvature tensor and
gets related to the matter content of the system and is given by the energy-momentum
tensor (7),,) that occurs in the right hand side. But quantum theory implies that the
energy-momentum tensor is necessarily operator valued and will have a significant role
to play at a very high energy scale. This then readily implies that so then the left-hand



side of the equation also must be quantized at this scale. Hence, a quan-
tum structure of space-time seems quite plausible [4]. The geometry of such quantum
spaces possibly can only be described by the non-commutative geometry, as formulated
by Alain Connes [5].

Although envisaged initially to be an alternative and novel approach to quan-
tum gravity, Connes and his collaborators, however, applied this framework of Non-
commutative geometry to develop a completely unified description of the Standard
model of particle physics |[6H11], albeit at the classical level. Among its many successes
includes a unified description of Higgs field and other Yang-Mills gauge fields present
in the model, which eventually facilitated the exact computation of Higgs mass [12,/13].
Despite all these successes, there are certain shortcomings, which are still present in
the construction. Primary among them is that the model takes the space-time to be a
4D compact Riemannian differentiable manifold M of Euclidean signature-rather than
Lorentzian.Also note that modelling the space-time thus by a Riemannian manifold
M, of course serves its purpose adequately at the scale of Standard model, as one can
expect to see any granular structure, associated with the above mentioned quantum
space-time only in the vicinity of Planck scale. One can recall in this context that the
Standard model scale is many orders below the GUT scale and which, in turn, is a
couple of orders below the Planck scale. And for them the total space is taken to be
the so-called “Almost commutative space” (AC): M x F, where F is the space which
is described by suitable matrix algebra, which is responsible for the non-commutative
structure in the whole construction. Gauge symmetries appear here through the group
of inner automorphism , which is a normal sub-group of the total automorphism group
of M x F', while the outer automorphism group, obtained by quotienting, gets identified
with the group of diffeomorphism. Despite its beautiful mathematical and conceptual
edifice, however, it is clear that the quantum structure of space-time should be taken
seriously and be incorporated suitably, so that one can go beyond this framework of
AC space, even if one tries to build a tentative and toy model of quantum gravity.

Before the success of the renormalization procedure had gained acceptance, the idea
of quantized space-time was first proposed by Heisenberg himself in the late 1930s with
the hope of taming the short-distance i.e. ultraviolet divergences of quantum fields. He
shared his idea with Rudolf Peierls, who eventually made use of it in electronic sys-
tems. On the other hand, Rudolf Peierls informed Pauli about this idea, who in turn
told J. Robert Oppenheimer about it, finally, in 1947, his student Hartland Snyder,
using this idea, published his articles on the subject [14,[15]. In the same year C. N.
Yang [16] generalized it to curved de-Sitter space-time. However, due to the success
of the renormalization scheme, Snyder’s work(s) did not receive much attention among
his contemporaries. But eventually when activities towards the formulation of quan-
tum gravity was initiated, it started to become quite transparent gradually that the
usual models of space-time as a differentiable manifold has to given away and possibly
replaced by quantized space-time or equivalently an intrinsic non-commutative space-
time. Furthermore, the quantized version of gravity may act as a regulator of quantum
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field theories. In fact, it has been pointed out in [17] that the classical self-energy
of a charged particle is automatically regularized in the presence of classical gravity
itself. But if one goes further to incorporate the quantum effects to the self-energy
of the charged particle, this will then introduce additional divergences and to regulate
these divergences, one will most probably require a theory of quantum gravity and a
non-commutative geometry stemming from a non-commutative structure of space-time
may become one of the strong contenders in this case.

Apart from the quantum gravity point of view, the concept of space-time noncom-
mutativity (with time being an ordinary c-numbered parameter) has found application
in various condensed matter phenomenon [18-22]. The physics of the anomalous quan-
tum Hall effect 23], spin Hall effect [24,25] is other areas in which the noncommutativity
among the coordinates turns up. Besides, a Berry curvature in momentum space for
a semi-classical Bloch electron has been used to explain the anomalous/spin/optical
Hall effects. In fact, constant Berry curvature effects in this system arising due to
the breaking of time-reversal symmetry induce a canonical type of non-commutativity
among the spatial coordinates. On the other hand, a rigorous derivation of the quantiza-
tion of the Hall conductivity in quantum Hall effect used methods of non-commutative
geometry [26]. In the 2 + 1 dimension, the non-commutative geometry of the lowest
Landau level also plays a vital role in the recent work of Haldane [27] on the geometrical
description of the fractional quantum Hall effect. Also, the effects of coordinate non-
commutativity in 2 + 1 quantum gravity can be realized by the introduction of anyons
with fractional spin wherein non-commutative parameter is related to the fractional
spin parameter, as has been discussed in [28]. In fact, a close correspondence between
space-time quantization and 2 + 1 dimensional gravity was shown by G.’t Hooft [29].

Furthermore, in quantum space-time, spatial noncommutativity can be correlated
to a possible curvature of momentum space [30], just as we know the curvature in con-
figuration space enforces momentum-space operators to satisfy non-trivial commutation
algebra. Indeed the non-commutative coordinates are realized as translation genera-
tors on momentum space. A few years back, Townsend [31] had shown that Planck
length also appears in gravity due to the noncommutativity between the generators of
space-time translations. It has been naturally suggested that, along with the spatial
components of space-time coordinates, the canonically conjugate momentum compo-
nents too should satisfy a non-commutative algebraic structure [32] at the quantum
level because momentum noncommutativity arise naturally as a consequence of coordi-
nate noncommutativity. The reciprocity theorem proposed by Max Born in 1938 [33]
had earlier hinted at this. In a similar vein, [34] discovered that the noncommutative
structure of the spatial and momentum components can be connected to the respective
curvatures in momentum and coordinate spaces.

String theory also exhibits space-time uncertainty, as first pointed out in 35|, which
is another approach to describe the quantum theory of gravity. Not only that, the
method of non-commutative geometry has been used rigorously to study the duality
symmetries of string theory [36}37]. It has also been shown that non-commutative
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geometry appears due to the toroidal compactification of the matrix model [3§]. In
fact, these matrix models lead to a non-commutative version Yang-Mills theory as an
effective quantum field theory. Seiberg and Witten in their seminal paper [39] showed
how this space-time noncommutativity can also appear as a low energy effect in string
theory as a kind of effective theory by studying the physics of D branes in the back-
ground of nonzero Neveu-Schwarz B, field. They further demonstrated, by explicit
construction, the existence of a nontrivial transformation connecting ordinary gauge
fields and non-commutative gauge fields, which is usually called the Seiberg-Witten
map and using which one can construct an equivalent commutative description of non-
commutative gauge theory. Another important feature of this map is concerned with
the notion of the emergent gravity phenomenon. But, there are some novel ambigui-
ties [40,/41] in the Seiberg-Witten map which are particularly more significant in the
presence of matter fields. Although, a few years back, it has been shown by Scholtz et
al. in [42] that this map does not always generate a spectrum preserving transformation
for interacting quantum Hall system. All these studies nevertheless indicates that space
and time will become non-commutative operators in a more fundamental formulation
of string/M theory. This triggered renewed interest in quantum (non-commutative)
space-time and formulation on non-commutative quantum mechanics, and quantum
field theories, on such spaces.

To describe field theory on a quantum (non-commutative) space-time, there are
two approaches. In one approach, we need to define fields whose base manifold is non-
commutative and treated as operators in some Hilbert space. In the other method,
fields are considered as some functions of usual commutative space-time variables, and
noncommutativity among these variables is incorporated by an appropriate “star” (x)
product [43,44] which corresponds to a deformed multiplication map and is obtained by
deforming point wise multiplication of functions. Perhaps the most commonly studied
case is that of the Moyal space-time: [Z#, 2"] = i0*"; i. e. when the non-commutative
parameter (f) is taken as a constant. Field theories defined on such a quantum (non-
commutative) space-time are based on the Weyl-Wigner correspondence, in which all
products are simply replaced by the Moyal “star” products (xps) [45], defined by

i

(O1 %31 O2) () = 3900 0, () Os()| (1.2)

=z

As aresult the mass terms in the action are not modified by the xp;-product because
it contributes up to an additional surface term in the action; terms beyond quadratic
interaction terms are only modified. Hence one may arrive at an undeformed free prop-
agator. Historically the first unexpected behavior of non-commutative quantum field
theories was pointed out by Minwalla, van Raamsdonk and Seiberg [46]. Using Moyal
star product formulation, these authors could show that the perturbative analysis of
quantum field theories on non-commutative space-time are afflicted with some novel
kind of divergences, where the ultraviolet and infrared divergences (UV/IR mixing)
gets mixed up. In other words, the high and low energy scales of energy get entangled
due to presence of noncommutativity among space-time coordinates which may affect
the renormalization procedure. In fact this UV/IR mixing problem is not only the
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hallmark of relativistic fields, non-relativistic scalar field theory over 2 + 1 dimensional
non-commutative manifolds also shows this behavior [47]. On the other hand, in a
more recent paper [48], it has been pointed out that the Voros star product is more
appropriate in dealing with quantum mechanics on Moyal plane, as it lends itself to a
probabilistic interpretation, unlike Moyal star product. This should be pointed out in
this context that the Voros star product naturally arises whenever coherent states are
used as basis in the quantum Hilbert space. However, a slight variant of this coherent
state-based formulation of quantum field theory on non-commutative space-time has
been developed recently in [49]. In this approach, instead of using star product, any el-
ement of algebra generated by the non-commutative space-time operators are replaced
by the coherent state expectation values of the non-commutative space-time and intro-
duce a modified coherent state representation of plane wave solution in an ad-hoc way
which may not satisfy the orthonormality condition without Voros start product which
leads to a nontrivial modification at the level of free propagators. The basic advantage
of this new star-product independent formulation is that the whole formalism of the
perturbative field theory is UV finite which indicates that there is no UV /IR mixing
problem [50]. But, a major disadvantage of this formulation is that it does not provide
a straightforward reduction to single-particle non-commutative quantum mechanics.

It is worthwhile to mention at this stage that, like in the commutative case [51], non-
commutative quantum mechanics can also be recovered from relativistic non-commutative
quantum field theory through some suitable non-relativistic limit, as has been exten-
sively studied in [52]. Except for the new feature that particles of opposite charges
should be associated with opposite non-commutative parameter (6). On the other hand,
a rigorous formulation of non-commutative quantum mechanics with spatial noncom-
mutativity, making use of Hilbert-Schmidt (HS) operators has been studied in great
detail [53-55]. The advantage of this HS operatorial formulation is that it bypasses
the use of any star product and enables one to confront head-on the operatorial nature
of spatial coordinates and evade any kind of ambiguities that may arise from the use
of different kinds of star product, like that Moyal or Voros [56H59]. However, there
was no follow-up work to extend this HS operatorial formulation beyond the so-called
first quantization to second quantization or for that matter the full-fledged relativistic
quantum field theory (QFT). Despite this, one can expect to capture some of the sur-
viving features, if not all, of this completely non-commutative relativistic QF T even at
the level of non-commutative quantum mechanics. This is simply because of the fact
that, like in the commutative case [60], here too one can definitely expect to interpret
non commutative quantum mechanics as 0 + 1 dimensional QFT. In other words, non-
commutative quantum mechanics may be considered as a laboratory where some of the
properties of non-commutative quantum field theories can still be studied in a simpler
setting. In fact, one can go other way around and try to formulate QFT from that
of quantum mechanics, in a bottom up approach , as was shown by Steven Weinberg
in his famous book on QFT [61], the way we know about today, in any theory, where
a merger of both the principles of special relativity and quantum mechanics is envisaged.
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1.1 Structure of the thesis

In the present thesis however, which is mainly based on the works [62-64], no attempts
will be made to address any of the issues related to quantum gravity directly. Rather,
this thesis is devoted to studying various aspects of quantum mechanics quantum i.e.
non-commutative space-time and to capture some of survive aspects of symmetries of
quantum field theory on such space-time, illustrated through toy models in (0 + 1)
dimension. This allows one to gain some insights into this and other related issues in
a more transparent manner, as we have explained above. The outline of this thesis is
as follows:

In chapter 2, we discuss the emergence of quantum (non-commutative) space by
considering a quantum Hall system involving a pair of interacting oppositely charged
particles in a region of high magnetic field (uniform and static) in the low mass limit.
We then show how the Lagrangian of the system can be directly mapped to a harmonic
oscillator in Moyal plane, referred here as exotic oscillators. Therefore, the noncommu-
tativity is an emergent feature of this physical model here, unlike in many other works
where it is conferred with a fundamental status. Subsequently, a quantum mechanical
analysis of this model is carried out using the Hilbert-Schmidt operator formulation of
non-commutative quantum mechanics. Then a functional integral approach is adopted
to show that Ward-Takahashi (W-T) identities corresponding to the dilation trans-
formations are anomalous in the sense that additional contributions in the form of
quantum corrections from the Jacobian due to time dilatation transformation is ob-
tained. This is over and above the classical dilatation symmetry breaking term. To
best of our knowledge, this has remained unexplored in the literature from the point of
view of 0 + 1 dimension nonlocal field theory. The anomalous term is then computed
and regularized following Fujikawa’s method.

The appearance of the adiabatic geometrical phase in the system of a planar isotropic
time-dependent harmonic oscillator on a non-commutative phase space has been dis-
cussed in chapter 3. Using a non-canonical phase space transformation we study the ef-
fect of noncommutativity analytically. The emergent nature of geometric phase-related
issues is addressed in Heisenberg picture. It is shown that the additional geometrical
phase over and above the dynamical phase is given in terms of product of the non-
commutative parameters. Then we also discuss the correspondence between Berry’s
phase and classical Hannay angle shifts.

In the last chapter (Chapter 4) we develop the concept of quantum space-time in
1+ 1 dimension, taken to be of Moyal type. Then we discuss non-relativistic quantum
mechanics on such a space-time. It is demonstrated that utilising a coherent state basis,
an effective commutative theory can be written down starting from an abstract form of
the Schr” odinger equation using Hilbert-Schmidt operators. The coherent state basis
offers a very natural description of canonical type non-commutative space-time wherein
one can obtain the commutative limit in an explicit manner and also provides some
calculation advantages. These are apart from the fact that in this coherent state based
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formulation, the probabilistic interpretation comes out in a very transparent manner.
We, next, concern ourselves with several problems that are often associated with quan-
tum mechanics. Finally, we end up with some concluding remarks in chapter 5.



Chapter 2

Planar noncommutativity and
broken dilatation symmetry

By now there is already a huge body of literature dedicated to the study of quantum the-
ories on the background of quantum spacetime. Postulating a simple structure for the
non-vanishing commutator algebra between operator-valued space-time coordinates is
expected to shed some insights into the future theory of quantum gravity [65], through
these quantum theories. Normally people introduce noncommutativity between the
spatial coordinates by hand. However, in certain non-relativistic planar system, non-
commutative coordinates arise naturally. For example, the Landau problem in a strong
magnetic field with the lowest Landau-level projection [66,67]. Also, the quantum
space (non-commutative space) indicates the existence of a minimal length scale in the
theory. On the other hand, scale or dilatation symmetry (exact or broken) in the cor-
responding commutative theory has a long history [68,/69]. In this chapter, we would
like to study the fate of dilatation symmetry in the planar non-commutative theory
both in classical and quantum level. Note that the breaking of dilatation symmetry
is somewhat expected at the classical level itself, because of the occurrence of a natu-
ral scale coming from the non-commutative parameter. What we interested to study
here is to ascertain whether there is any additional contribution to the breaking term,
arising from the process of quantization i.e over and above the classical effect, which
can refer to as the anomaly term. And for that we consider here a non-relativistic
interacting quantum Hall system [70,71] with the usual constant magnetic field. Here
noncommutativity between spatial coordinates emerges naturally as a consequence of
the deformed symplectic structure among the spatial coordinates at a large magnetic
field limit.

The chapter is organized as follows. In sec. 2.1, following the ” Peierls substitution”
scheme [72], we demonstrate how deformed symplectic structure arises naturally at the
classical level itself, among the spatial coordinates of a two-dimensional harmonic oscil-
lator in a planar system of electric dipole under a very strong magnetic field, normal to
the plane with a harmonic, where an additional harmonic harmonic interaction between
the charges with an impurity is also considered. As we shall see that a first-order for-

15
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mulation is quite adequate in this case i.e. in the limit of large magnetic field. In sec.2.2
we will move on to discuss the quantum picture of our considered model where we will
give a short review on the formulation of non-commutative quantum mechanics for a
two-dimensional harmonic oscillator in the framework of Hilbert-Schmidt operators.
This is completely an operatorial formulation of non-commutative quantum mechan-
ics, initiated mainly in [73]. Next, by using the coherent state approach, we construct
a path-integral action and functional integral for the non-commutative dynamical sys-
tem. This also makes a connection with Chern-Simons quantum mechanics. Symplectic
brackets can then be computed, rather trivially from this path-integral action and the
corresponding non-commutative structure between the position coordinates is seen to
to emerge naturally here and therefore also serves as a consistency check.

In section 2.4 we treat the non-commutative quantum mechanics as a (0+1) di-
mensional non-canonical (non-commutative) field theory. Then by exploiting Darbouxs
theorem at the level of functional integral we explicitly compute Ward-Takahashi iden-
tities due to the time dilatation symmetry of an equivalent commutative effective the-
ory. Thereafter we shall demonstrate that the Ward-Takahashi identities associated
with dilata- tion symmetry (broken) are anomalous. Also from these identities we infer
that there three fold breaking of dilatation symmetry in non-commutative theory: (i)
explicit breaking due to presence of spring constant at the classical level itself, (ii) de-
formation in symplectic structure also provides another classical breaking, and finally
(iii) the third is due to the anomaly (a purely quantum effects) which is induced from
noncommutativity. The anomaly term needs to be regularized and is done in section
2.5 using Fujikawas regulator, which is then found to be proportional to the product
between the spring con- stant of the harmonic oscillator and the noncommutative pa-
rameter. Sec.2.6 goes for the conclusion.

2.1 The classical model of non-commutative space

We consider a planar system consisting of a pair of interacting oppositely charged
particles having the same mass m and subjected to a constant magnetic field B (ignoring
the other’s effect like Coulomb and radiation interaction) pointed along normal to the
plane. The system is described by the following standard Lagrangian in C.G.S units :

L= %m(i?? +97) + %Ez‘j(%fii — Y5%i) — %(ﬂcz‘ —yi)® — %UC? (2.1)
where ¢ denotes the speed of light in vacuum, and x; and y; are coordinates of the
positive and negative charge respectively. Apart from the kinetic term and magnetic
interaction the third term of the above Lagrangian being represent the har-
monic interaction between the two charges and the fourth term describes additional
interactions of the negative charge with an impurity.

Here, we will be interested only in the limit of the strong magnetic field B and small
mass m, in which the kinetic term is quite redundant and potential energy playing
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an important role [74]. Hence the kinetic term from (Eq. (2.1)) can be effectively
ignored [67,(75] in the limit 7% — 0. Thus the effective Lagrangian describing the high
magnetic field limit essentially reduces to the following form:-

eB

Ly = %(Eijxj-fi — €ijyi¥i) — V(wi, yi) (2.2)

with V' (z;,y;) = %(xl — )%+ %1%2 Thus the classical equations of motion associated
with the above first-order Lagrangian (Eq. (3.107)]) is given by -

c 0V i c OV
e A R A A
eB 7 Ox; Vi eB ™ dy;

The canonical Hamiltonian corresponding to (Eq. (3.107)|) is constructed by the usual
Legendre transformation :

(2.3)

T4

L L
Hozao. 0Ly

—T + i

0 i e Yi

Now, in order to establish the equivalence between the Hamiltonian and Lagrangian
formalisms [76,/77], we consider the Hamilton’s equations of motion:

— Lo = V (@i, y:). (2.4)

&y = {w;, Ho} = {z;, V}

vi = {yi, Ho} = {vi, V'},

with the potential V' (x;, y;) playing the role of the Hamiltonian [78]. The symplectic
structure can readily be obtained now by comparing the Lagrangian equations of motion

(Eq. (2.3)) with the form of Hamilton’s equations of motion (Eq. (3.77))) to yield the

following brackets :

(2.5)

c c
{wi zj} = —pegs iyt = ——geis {zi,y;3 = 0. (2.6)
Here we can eliminate the degrees of freedom of the negative charge (y;) by defining a

new pair of variables as,

eB
pPi = 7Eij($j — yj) and i, (2.7)

satisfying the following symplectic structure :
c
{zi,zj} = ~p i {zispj} = dijs {pispj} =0, (2.8)

where p; play the role of abelian translation generators of the cordinates x;. Thus at
very high magnetic field and low mass limit, the canonical Hamiltonian (Eq. (2.4)) can
be rewritten as -

2
P 1 2
Hy = 2 —kyx? 2.9
0 2mB + 9 125, ( )
where mp = 62]5092. Therefore at large magnetic field limit, the dynamical system

(Eq. (2.1))) is governed by a bi-dimensional harmonic oscillator with the non-canonical
symplectic structure . Notice that noncommutativity of the coordinates
has been already established at the classical level as the symplectic bracket between
coordinates x; is nonzero. In the next section we will discuss the quantum picture of
this theory.
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2.2 Noncommutativity in quantum picture

We now proceed ahead to describe the quantum theory of the above model at sufficiently
strong magnetic field (B)limit in a systematic manner with the Hamiltonian operator
(Eq-(29):
g B
2m B

1

where phase-space variables (operators) (&;, p;) satisfy the following planar non-commutative
Heisenberg algebra (NCHA) :

[Zﬁi,.fj] = Z'HEZ'J', [i’i,ﬁj] = z’hdij, [ﬁz,ﬁj] = 0; fO?" i,j = 1,2 (2.11)

with 6 = eth > 0. So, our system (Eq. (2.10)) of interest is nothing but a two-

dimensional isotropic harmonic oscillator living in effective non-commutative plane [79].

2.2.1 Operator-based formulation of planar non-commutative quan-
tum mechanics

It has been pointed out recently in [73,80,81] (CITE OUR PAPER ALSO) that non-
commutative quantum mechanics may be formulated in a completely abstract opera-
torial level, where quantum systems can be identified with the space of rays on the
Hilbert space of Hilbert-Schmidt operators, which act on an auxiliary Hilbert space.
This latter auxiliary Hilbert space will be referred to as the configuration space, as
its sole purpose is to serve as a space, which furnishes a representation of just the
coordinate sub-algebra. Here, we present a very short review of the formulation of the
Hilbert-Schmidt operator approach in an appropriate physical setting which also will
then pave the way for a path-integral formulation.

In two dimension, the NC coordinate sub-algebra is given by :
[i’i,@j} = i@ei]‘; fOT ) :j = 1,2 (2.12)

A Hilbert space H., furnishing a representation of this coordinate sub-algebra, i.e. the
configuration space in our case, can be easily identified to be the one, which is isomor-
phic to that of one-dimensional harmonic oscillator in the usual quantum mechanics.
Thus the construction of this Hilbert space proceeds along the same line. We thus
begin by first introducing the annihilation and creation operators as

. 1 A 1
b= —— (&1 +ide), bl = —=(&1 — id0), 2.13
5 9( 1+ id2) \/@( 1 — id2) (2.13)
satisfying the commutation relation [l;, Z;T] = .. One then defines non-commutative
configuration space which is isomorphic to boson Fock space as :
U= span{ln) = — (51" 0)} (2.14)
C m .
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where the span is understood to be over the complex numbers. Here the ground state
|0) such that b|0) = 0 so that

bln) =vnln—1); bn)=vn+1|n+1) (2.15)

We would like to emphasize here that this H. furnishes only the representation of
the coordinate algebra and not of the entire non-commutative Heisenberg
algebra and the reasons for that will become clear very soon. Now, in
order to construct a corresponding Hilbert space, which furnishes a representation of
this entire non-commutative Heisenberg algebra, we need to consider the Hilbert space
formed by the set of all Hilbert-Schmidt (HS) operators acting on this configuration
space H.. The abstract quantum states of our system can be identified with these
HS operators. And a generic HS operator (&1, &2) = 1/1((3, I;T) is an algebra element,
generated by (Z1,Z2) or equivalently by (i), Z)‘L), having a finite HS norm:

[llrs = \Jtru. (1Y) < oo, (2.16)

which in turn is a dense subspace of space bounded operators (B(H.)) acting on H..

This space of HS operators forms a Hilbert space of its own and is our ultimate
quantum Hilbert space H, and is defined as:

Hy = span{ Y(&1,22) = [¢) : (21, 22) € B(He), [¥llms = \/tru (¢T) < oo} (2.17)

This equipped with the inner product:

(B1) = Tre(¢' (21, 22)1b(d1, 22)), (2.18)

where the subscript c refers to tracing over H..

Note also these HS operators W(z1,Z32) can also be expanded as,

Y(@1,82) = (b,01) =D cnmln >< m|, (2.19)

n,m

where ¢, =< n|y(b, bt)|m >€ C. This shows that #, can also be identified as H.@Hz,
with M} being the dual of H. and this is the space which can furnish the
representation of the entire NCHA, as can be seen easily by defining appropriate ac-
tions of phase space operators on it. But before we discuss about this point, we pause
for a while to introduce the notations we are going to employ to designate the states
in H. and H,: (i) states in H, are denoted by angular kets |. >, and (ii) states in the
H, are denoted by a “round ket” (&1, Z2) = |[¢).

Now like in the commutative case, here too we look for a unitary representation
of the non-commutative Heisenberg algebra (Eq. (2.11))) on quantum Hilbert space in
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terms of operators X;, P;, whose actions on H, are given as follows in the following
way -

A . -~ h . h s SR

Xilp) = [2w), B = geijlldy, o) = GeijlX; — X5I1¥). (2.20)
Here we have used the capital letters X}- and ]5Z to denote the representations of the
operators Z; and p; acting on H,. Note that here we have taken the action of X;
by direct left action on an abstract state vector |¢)), by default, and the momentum
operator is taken to act adjointly, which is clearly seen to involve the right action on
the quantum Hilbert space and is defined in the following way :

X)) = i) (X XJl) = [y, 21)) = —Oeilw) Vi € Hy (2.21)
It can be checked easily that the left and right action commutes:
[Xi, XF] =0 (2.22)

We can recognize at this stage this XZR can be interpreted as an additional degree
of freedom and can be identified with the quantum counterpart of y; in
and (Eq. (2.20), [Eq. (2.21)) are analogous to (Eq. (2.6) [Eq. (2.7)) in the quantum
setting. Therefore, the classical picture discussed in the previous section provides a
clear physical realization of the abstract formulation of non-commutative quantum
mechanics in terms of Hilbert-Schmidt operators. We introduce one further notational
convention for any operator O acting on the quantum Hilbert space , one
may define left and right action (denoted by superscripted L and R) as follows.

O ) = Ol), OF|Y) = [)O; V|y) = (@1, 42) € Hy (2.23)

Finally, it is a matter of straightforward verification to see that the phase space opera-
tors acting on the quantum Hilbert space indeed obey the following the commutation
relations, which are precisely the NCHA:

(X, X;] = ibeij, [Xi, P;] = ihdy;, [P, Pl =0 forij=1,2; (2.24)
It is now useful to define the following non-hermitian operators on the quantum Hilbert
space which we shall require later:

X1+iX2 ~ Xl—iXQ - A PN . A A
ST gt LT 22 PP 4Py, Pr=P — iy [B,BY=1, (2.25
= o | ) 1 oo | =1, (2.25)

with corresponding actions

~

B(d1,29) = bip(#1,22), Br(d1,d2) = blep(d1, &2), (2.26)

where we have used the symbol § specifically for the operator adjoint on H,.

Therefore, the representation of our system Hamiltonian (Eq. (2.10)) on H, is given
by
Ao 1
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where phase-space operators X; and P, satisfy the same i.e. isomorphic algebra

(Eq. (3.73)) while acting on the quantum Hilbert space H,.

Further it is noted that -

A 0, ~ B 10, 4 A h, & . - h 4 A
X = \/Q(B +BY), Xy =—i (B~ BY, P = 7 (X2 - X, Py = —5(X - X7
X (2.28)
On the other hand, for instance, the complex momenta P in (Eq. (2.25)|) can be written
as -
b 2IBR _ B i _ r. 215t _ BRI
P =ih E[B — B], P*=ih 5[3 — B, (2.29)
where BE = &\/%Xf and it can be easily checked that -

[BE, Bf = —1; [B,Bf]=0 (2.30)

Accordingly the system Hamiltonian (Eq. (2.27))) can be re-casted in a much simpler

form

1 oy SR |
H=_—"—PP+koBiB+ =
o + k160( +2)

(2.31)
— BB+ s BT BR — ag(B'BR + BRB) + au,
where ) ) )
h h h k16
— k0 A= ag= ' ay= 27 2.32
Qg 10+ —— a2 e Qas omE Qy 5 ( )

On recognizing that the system Hamiltonian is obtainable from that for the standard
quadratic Hermitian form by a canonical transformation, namely,

- Impwé | 1 ha | 4 1 ah | ~p
B = — B+ (=— B
2ha {(2 * mbH) * (2 mbH) ] (2.33)
on  [mpof [1 ha . 1 ah . '
BR = [IBY B+ (= BE
2hao (2 mBu)H) + (2 mbH)

thw — k1 da=1/1 mZ w262 v h . lati B B —
with w = mp and o = + — 7z, satislying the commutation relation B, |=
I, and [B'E, B'H] = —I, like their un-primed counterparts, renders the system Hamil-

tonian to decompose into two decoupled harmonic oscillators of frequencies wy and
w_:

~ A/ A~/ ~ / A/ h
H=hw,B*B + hw_BEBH 1 2wy +w )l (2.34)

. . . . 2
where the characteristic frequencies w4 are given by, wi = aw £+ =57 o Here the

quadratic Hermitian form of the Hamiltonian (Eq. (2.34)) act on the quantum Hilbert
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space Hq (Eq. (2.17)]), and this vector space can be represented by another complete
orthonormal set of basis vector |ny,ny)":

/ / / (]9'1)7““(1}?’3)712 P
Hy = spanf|ni,na) = [n) (no| = ———=—=—10) (0 }2_p0 »  (235)
ny ng.
with the inner product
(i, ialnn, ma) = trel(|7in) (A2l V¥ In1) (nal'] = Gy O na- (2.36)

The basis vectors of H, constitute a complete set and accordingly the completeness
relation reads:

Z n1,m2) (n1,m2| = I, (2.37)

ny,n2

Here the operators B't and B'R appearing in (Eq. (2.35)) and their respective
Hermitian conjugates act on the left and right sectors of the states of quantum Hilbert
( (2.35)

space (Eq. ) respectively, and \O>, (0| standing for the vacuum state of H,:
B'10) (0] =0
A~/ ’ ’ ’ 1~ (238)
B 10) (0] = |0) (0] BT =0
The eigenvalue equation of this Hamiltonian is,
H|n1,n2) = Epyny [n1,m2) (2.39)
whose solution spectrum can virtually be read-off from as,
Enyng = (mhwy + noliw_) + Eo o, (2.40)
where the additional constant Eq is
1
EQ,O = 571(&)4_ + w_), (2.41)

which is nothing but the finite zero point energy of the system Hamiltonian. This,
however, being a constant c-number and not an operator will give the same value for
all states and can easily be disposed off by giving a shift to the zero of energy as,

H := H —1,Ey, (2.42)

Therefore . .
H |ny,n2) = Enpyn, |n1,n2) (2.43)
with H[0,0) = 0 and By, = nihwy + nghw_. From now on, we only work with

H. We now, as discussed at the outset, proceed to carry out the path-integral of the
system in order to study its scaling properties.
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2.3 Coherent state based path-integral approach

Like in commutative case, here too we would like to introduce the notion of position
states, however, in view of the absence of common eigenstates of Z1 and Zo operators,
the best we can do is to introduce the minimal uncertainty states i.e. maximally
localized states (coherent states) on H,. [82] as,

|z

PO 2 .
2) = e~ |0y = =T e |0) € A, (2.44)

T1+1T2
V20
coherent state |z) is an eigenstate of the annihilation operator,

where z = is a dimensionless complex number. As is well known that these

blz) = z|z) (2.45)

These states provide a complete (albeit over-complete) set on H. as,

/ 207 | ) (el = L, (2.46)

™

where the integration is over the entire complex z plane. And, these states constitutes
a minimum uncertainty states, namely

As these are minimum uncertainty states, the real and imaginary parts of z are the
closest we can get to points in space obtained from measurement.
2.3.1 A position and momentum basis for the quantum Hilbert space

The quantum Hilbert space was defined in sec 2.1 as the space of HS operators acting on
the configuration space (Fock space) H.. Using the coherent state states (Eq. (2.44)),
we can construct a coherent states (operator) in quantum Hilbert space H, as follows

1 1
|2,2) = |21, 29) = NorT 12) (2] €Hy  (wad|z,2) = ﬁe—lw—z\i (2.48)
satisfying R R
B|z,Z) = b|z) (2] = 2|z, Z). (2.49)

Furthermore, the coherent state (" position”) representation of a general state |1)) =
¥(Z1,Z2) can be expressed as,

W(ar,22) = (2, 210) = —a—tre(|2) (elb(an, 22)) = —

Tr1,T2) = (2,2 = —F—=1Tc||R) (% T1,T2 =

210 ¢ \V2ml

This looks exactly like the coordinate representation of the state vectors in com-
mutative quantum mechanics and the states |z, Z) playing a role analogous to position
basis in commutative quantum mechanics. From now we will speak loosely of the states
|z,Z) = |z1,22) as position states, keeping in mind that this is merely an analogy.

(z|Y(Z1,22) [2) . (2.50)



2.3. Coherent state based path-integral approach 24

Claim:
The resolution of identity of the quantum Hilbert space H, can be given in terms

of the coherent states (Eq. (2.48))) through the following equation

/29dzdz |2,2) xy (2, 2] = /dl‘ldl’g |21, z2) *v (21, 22| = 14, (2.51)

where - = €%7% is called Voros [83] star product.
Proof:
In order to derive the resolution of the identity in (Eq. (2.48)]), let us consider the

following relations

|?l)) = ch(-%la i‘Q)HC
1
- 2 / dzdzdwd|z) (w] (=|]w)

1 o
= 772/dzdzdvdv\z)(z+v]<z|¢|z+v)

1 1 = 3
= /dzdé/d%e"”2|z><z|€”gz+vaz<z|¢|z>-
v i

(2.52)
where we have made use of w = z + v with d>w = d?v, and €% f(2) = f(z + v).
Now, consider the integral over v, v first:
/d2ve_|”|zeﬁgf+”z (2.53)

where d?v = dvdv represents an element of area in the complex v plane and the
integration is to be carried out over the entire plane. Resorting to a polar representation
of and we have

o0 s i i — o0 s 1 .
/ T‘dT‘/ dfe " ere 7b--4rei?d = / Tdr/ dfe" Z 7(?”52)%7“52)7”629(”*?%)
0 - 0 - n,m

n!m/!

1 et
= 2”2@(@@) 5
n

— —
= ned0:,

(2.54)

Therefore,

1 1 - 5
/dde/dzve_”'2\2)(z]e”gz+”8z<z\w\z>
T ™

1

= - / 20272, 2)e0- (2, 21u) = I, |o)). (2.55)
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Since the state [¢)) is arbitrary, we can conclude that the identity operator on
quantum Hilbert space maybe represented as

%
/ 20d=dz |2, 2)e" (2,2 = 1, (2.56)
which completes the proof.

Here we recognize that the above exponential operator to be the Voros star-product
operator between two functions f(z, Z) and g(z, Z), which is defined as-

F(2:2) v 92, 2) = f(z, 2)eP0 g 2, 2) (2.57)

We now introduce a natural definition of a momentum basis [84] in the quantum
Hilbert space such that -

_ 0 i/ @bpbt) 5, _ .
p.P) =\ 5 73¢ 22 P B p) = pilp, B), p = p1 + ips (2.58)

and these states satisfy the usual resolution of identity and orthogonality condition -

/dp dp |p,p)(p, 9l =1y (0, |psB) = 3(p — D) (2.59)

The overlap of a state |z, Z) with momentum states on the non-commutative plane is

o 1 — 05 iy ] s (pZ+D2)
(2, 2lp.p) = e~ PPV 2 PP (2.60)
v 2w h?

In this context, we would like to mention that the authors in [85,86] have pointed out
that the low energy dynamics of relativistic quantum field theories in the presence of
sufficiently strong magnetic field can be described by the Voros star product.

2.3.2 The Path integral action and generating functional

Now, following [84], and using the completeness relations for the momentum (Eq. (2.59)))
and coordinate basis (Eq. (2.51)) in place, we now proceed to write down the pat
integral representation between a pair of coherent states on the two dimensional Moyal
plane. |

(Zf,tj"Zo,to) = nh—>Holo (29)” Hdedfj(Zf,tf‘zn,tn) *V,, (Zn,tn| ........... |21,t1) *V; (21,t1|20,t0)
oo i
(2.61)
. . . . tr—t
The propagation over an infinitesimal step 7 = =2 are
propag p o |
(Zix1, tig1lzit5) = (2 ‘*%Tﬁ| )
Zj+1: Li+1125, by Zj+1l€ Zj
+oo . _ _ _
_ / d2pj e*%%pjpjel\/#[pj(zj‘i*l_zj)""pj(Zj+1_zj)]
— 00
« e*%e[gff;+¥(25j+1zj+50)] (2.62)
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where ¢g = 1 — %EQO . Now substituting the above expression in (Eq. (2.61)) and
computing star products explicitly, we obtain (apart from a constant factor) -

(zf,tslz0,t0)

88y - T ~ i /6 R A )
=e nh_{rolo/n(dzjdzj) HdQPj eXPZT lh 3 [pj {jTJ} +Dj {JTJ} - @/ﬂzjﬂzjﬂ
= = iz

(2.63)
where, o0 = —i(QmTj — 2%) and zp,41 = zy. Finally, in the 7 — 0 or n — oo limit,
symbolically, we write the path integral kernel in phase space representation as,

5 = #(t)=z¢ ; _ )
(21, 120, to) = €070 / Dz(1)D=(1) / Dp(t)Dp(t)e FOEOOXO20] (3,64
Z(to):ZO

where Sy is the phase-space action given by -

S—/tfdt \/E(Hz)—w'—l — Okyzz (2.65)
0= ; 217 p thp Qmep 1 . .

0

It may be noted that the action (Eq. (2.65))) contains an exotic pp term which
is a Chern-Simons like term in momentum space and is responsible for rendering the
configuration space action to be highly non-local [87]. On recognizing that the first-
order action can be taken to be the one written in an extended phase space,
where both z(¢) and p(t) are considered as configuration space variables of the system,
enables us to recast the action in the so-called symplectic form [88] as -

t .
SO = /t ' dt [;gafoéﬁgﬁ - V(é.):| ’ 504 = {ngapvﬁ}; o = 172“’4 (266)

with
0 —/ %0
f= \/g H. (2.67)

N 9 0
\/;01 —302

where o1, oo are the usual Pauli matrices, and

| _
V() = Mpp + 0k1z2 (2.68)

Therefore one can easily read off the symplectic brackets by using the Faddeev-Jackiw
formalism [88] as:-

7

{272} = T {Z,ﬁ} = {27]7} = \/gv {p,ﬁ} =0 (269)

These symplectic brackets are consistent with the classical version of the
non-commutative Heisenberg algebra given in (Eq. (2.8))).
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Looking at the phase space representation of the path integral kernel, one can now
re-interpret non-commutative quantum mechanics as a 0+ 1 dimensions complex scalar
field theory where the coordinates are complex fields and which depends on time as
z(t). Now after providing this brief review of the path-integral formalism in Moyal
plane, our next task will be to write down the corresponding matrix elements of the
time-ordered product of a source dependent term for all ¢ with ¢; <t < ¢y as a path

integral -
. tf . B R
i / \/E(J(t)BT—I—J(t)B)dt
nl, V3

5 5 2(tg)=z¢ i ty 0 _
=it [ pepappy eap |5+ [/ 5EOI0 + 200
z(to)=20 t;

5 5 2(tp)=z5 i
=e *f 50/ DEDZDﬁle ETD (hSJ’J> 5

(zf,trl20,t0) 5.7 = (25, tf|Texp |20, to)

z(to)=z0
(2.70)
with
ty 9, . .. b 1 9 _
Spp= | dt|\ 5z +D2) — 0P — 2P~ Ok1zz + [ 5[2(0)J (1) +2(1) J (1) | |
to
(2.71)

where J(t) = Ji(t) + iJ2(t) is a time dependent source vanishing at t — +o0o. Now in
quantum theories, the prime interest is the vacuum to vacuum persistence amplitude
in the presence of adiabatically varying an external source. A standard way to obtain

this is to go back to the propagation kernel (Eq. (2.70)|) and introduce complete sets of
energy states as :-

(Zf’tf|207t0)

ty

Z Z (zf,tglna,m2)(ny, n2|T exp / \/7 t)B + J(t)B)dt | [m, ma)x

ni,nz2 mi,ma
(m1, mal20,t0)

Z Z (n1,n2|T exp / \/7 J(t)B)dt| |m1, ms)

ni,n2 mi,ma

- . (2.72)
x (my, et 20) (zple ™+ |y, o)
ty
— (0,0[Texp / \f DB + J(H)B)dt| 10,0) x (0,0]20)(27]0,0)
+ Z Z (n1,m2|T exp / \/7 )B4+ J(t)B)dt | [my,my)
ni TLQ;éO maq mQ;éO

X (m1, malz0)(zf|n1, ng)e_%th”'l’”2+%t°Em1*m2

where we have used the fact of (Eq. (2.43)). To accomplish the projection onto the
ground state (vacuum) of the system Hamiltonian [Eq. (2.10), we now introduce a
parameter T with units of time. One can for instant replace -

ty =T(1 —ie), to = —T(1 — i), (2.73)
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and take T' — oo, with € being a very small positive constant. In the end, we will take
the limit ¢ — 0, but only after the infinite limit of 7" is carried out. In the limit T — oo,
the exponentials in (Eq. (2.72))) oscillate out to zero except for the ground state. Hence
in this asymptotic limit, we obtain

lim lim  (zf,tf|z0,t0) ;7 = (0,0|Texp Z/ \/E(J(t)BT + J(t)B)dt| |0,0)
e—0 ty—oo(l—ie) ’ h —o0 2 (274)
to——oo(1—1ie)
x (0,0]20)(2£0,0).
However, one can also observe that -
lim lim (Zf,tf‘Z(),to)J:j:O = (0,0|Z()>(Zf’0,0) (2.75)

€0 ty—oo0(1—ie)
tog)foo(lfie)

Consequently, we can write -
z¢,t¢|20,t 7
0,0) =lim  lim G t1lz0.10) 07
€e—=0 tp—o0(1—ie) (Zf,tf|zo,t0)t]:j:0

% / h \/E(J(t)f}* + J(®)B)dt
to——oo(1—1ie) (276)

Since the left hand side of (Eq. (2.76))) is not sensitive to the boundary condition zy and
zy imposed at t — £oo, thus the right-hand side is also independent of the boundary
conditions imposed at ¢t — +o0 if one chooses the same boundary conditions in the
numerator and the denominator. Moreover, the right hand side has the structure of a

functional integral and we can write (Eq. (2.76)) as,

% / b \/E(J(t)BT + (6Bt

_ N / DEDDpDp e [0l VEEDI 0420 T 01

(0,0|T exp

(0,0|Texp 0,0) = (0,0; 0|0, 0; —00) ; 7

(2.77)

where the normalization factor N in (Eq. (3.104)) is fixed so as to ensure the normal-
ized ground state ((0,0/0,0) = 1).

Therefore, the generating functional or the vacuum persistence amplitude in pres-
ence of external sources J(t) and J(t) is defined as,

S0+ B0+ 0l

Z[J,J| = Z[J1,Js] = N~! | DzD2DpDp " (2.78)

2.3.3 Equivalent commutative description

Here we notice that the non-canonical brackets (Eq. (2.69)|) can be realized in terms of

canonical variables a, p as,

(2.79)
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satisfying
_ _ _ 2 _
{a,a} =0, A{a,p}={a,p} = \/;, {p,p} =0 (2.80)
However, in order to avoid the non-locality [89] in the first-order action (Eq. (2.65)]), we
Eo 2]

may apply the change of variables (change of variables, which are dummy in
nature is quite harmless in the path-integral framework and this leaves the integration
measure invariant) in the generating functional (Eq. (2.78))) to re-write it as

20,7} =N [ DaDaDpDp exp(3S,,7la.a.p. ), (2.81)
where
e 6,. 6 i [0 0, b i [0
Sslovandl = [ N;(a— Ot i 02+ D= L[
1 k102mp _ \/E —
_2mB(1—|— e )op — Ok1zZz + i(aJ—i—on) (2.82)

In this context, it is important to mention that the canonical phase space variables (o, @
and p, p) can be identified with the center of mass coordinates and their corresponding
canonical conjugate momenta of our two particles system (Eq. (3.107)). This has been
pointed out in [108-110]. However, the equivalence between two actions and
in absence of source has already been established [111] from Batalin-Tyutin
point of view. But of course this change of variables follows from the Faddeev-Jackiw
reduction scheme [90}/91] to carry out the standard canonical quantization scheme of
a theory initially described in terms of non-canonical (constrained) variables. This
method relies on Darboux’s theorem [92] which asserts that any non-standard sym-
plectic two-form can always be brought back to the standard canonical form through
a redefinition of the phase-space variables, see [93],94] for related applications in this
direction. This procedure yields a canonical (equivalent commutative) description of
the given constrained (noncommutative) theory. Here, one can shifts the burden of
deformation from the symplectic structure to the Hamiltonian which then acquires a
new interaction term induced from the deformation parameter (6) which will be made
explicit as we move ahead. Now for simplicity, under rescaling the dynamical variables
as -

1
4h* (2.83)
2m
(1) = P =1+ 0Ty

the functional integral (Eq. (2.81)) yields :-

Z[J,J]=N""! / DZDZDPDP ei52.714:7P.P) (2.84)
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0, - i [0~
\/;(Z szt \f P+\[Z+ 2h\ﬁJ)P

1 - k102mp . - k102mp \/5 o
PP -0k (1 77 1 —(ZJ+Z
g 1(1+ e VZZ + M1+ e ) 2( J+ZJ)

S,i2.2.P.P] = / dt

— 00

(2.85)

where A = (1 + klihmB) 3. The generating functional in configuration space is now
easily derived by integrating over the momenta variables. Indeed, the dependence on
momenta in the exponent of (Eq. (2.84)) is at most quadratic in nature and one may

perform the gaussian integrations over the momenta to obtain -

Z[J,J] =N~ / DZDZ eiSersl2.2¢5:5112.2.7.7) (2.86)
where N is a normalization constant which arises from the integration of momenta,
and

oo .. ) 2 _ . = —
Serl2, 2] = / dt [mBGZZ - %(22 AR klezz] L (2.87)
szH - impgl = mB)\H\/g
Si12,Z,J,J] = dt/\ I+ Z(J — J —JJ| (2.88

Now, writing J(t) = Ji(t) + iJa(t), Z(t) = LO2O the above interacting part of

V20
the action (Eq. (2.88)) can be rewritten as -

o0 mpb .
St _/ dt\(J;qi — 6@'27};%%) +/

—00 —0o0

) )\292
@t (ms

2
o ) (2.89)

Here we note that the interaction part of the action (Eq. (2.89))) contains three terms:
(i) standard source terms (J;¢;), (ii) a new quadratic source term and, (iii) a time
derivative of source term coupled with coordinates (€;;J;q;).

Thus the functional integral can be written in terms of an effective theory comprising
the usual variables as,

i

21, 0] = NS A [ pgy(Dgy(n) - eh I PerrtaCiames 5 )
(2.90)

where,
o MBY T g

Defining the new column vectors:-

.1
Lepr = €545 — ifﬂql? (2.91)

J= B X=(a @) (2.92)
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we can recast the form of the action (Eq. (2.90)) in the following way:

Zu ) = NI [pxe) (b OO

3 hf°° dt("‘B* O T g2 TRy AN TR 1J>

/D 2 (X=X ROIR(X -SRI +AIT (X =5 R

_ ""B )2 [atITT o [ di(3 (A JTR-1 - * JTR- 1J)/DX ff‘;odt[XTRXJr,\JTX](Z%)

Here we have redefined the variable (X) in the last line by giving it a suitable shift as

N .
X X-— ER_lj (2.94)

. ~ . . T .
with J = (J,  —Ji) s R = —(mp s + k1) + impoyki & & and N = 750,

Finally, we can identify the effective commutative generating functional in terms of
q;’s as,

ZI0, Jo) = NTUK[Iy, Jo) Zep [ 1, Jos Al 5 Zegpldu, Jo; A = / D1 (t)Daa(t) e oo UlesstAiai

(2.95)
where the quadratic source term and its higher order time derivatives have been de-

noted by KC[J1, Jo| and Ly is the same as in (Eq. (2.91)).

Thus at strong magnetic field limit, our non-commutative system (Eq. (2.10)|) can
be described through an effective Lagrangian (Eq. (2.91)), which can be interpreted as

the Lagrangian of a charged particle moving in the commutative ¢1-¢2 plane in presence
of a constant effective magnetic field with an additional quadratic potential where the
second term in the right hand side of describes the interaction of a charged
particle (of charge e) with a constant magnetic field (Ee #f) pointing along the normal
to the plane. The components of the corresponding vector potential ffe #f in symmetric

gauge can be read off from (Eq. (2.91))),

mpOkic
(Aeff)z' = _Wﬁij%’a (2.96)

with Eef ;= V x ffeff. Thus, we have an exact mapping between the planar non-
commutative system and ” generalized” Landau problem [95], where the magnetic field is
a manifestation of the presence of non-commutativity. Therefore, the classical dynamics
of the planar non-commutative system may be described by the following action :

e . 1
Seff = /dt[ mpd; + ~(Acp)idi = §k1q§ : (2.97)
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This form of the effective (commutative equivalent) action reminds us of that of a
charged particle interacting with planar magnetic point vertex written in terms of some
appropriate variables for facilitating an alternate consistent quantization procedure [96].
Also, the corresponding action was shown there to be scale or dilatation invariant. We
now move on to study the scale symmetry of the action (Eq. (2.97)).

2.4 Broken dilatation (scale) symmetry and Ward-Takahasi
identities

In relativistic case, space and time both transform uniformly under scale transforma-
tion, while in non-relativistic situation scale transformation can act anisotropically [98],
in the sense that there is no compulsion for the space and time coordinates to have the
same scaling factor and the case in which these scaling factors really different which is
known as Lifshitz scaling. This type of scaling plays a vital role in condensed matter
systems [99]. In this section, we study the time dilatation symmetry (broken) on non-
commutative space by using the effective commutative description. Further we will be
deriving the anomalous Ward-Takahashi (W-T) identities.

2.4.1 Non-conserved dilatation charge from Noethers theorem

The well-known paradigms of planar quantum mechanics [100] of charged particles
in a background magnetic field are the magnetic vortex and Landau problems. Few
years back, in a series of papers, Jackiw [96,|101] has pointed out that the existence
of dilatation symmetry for a charged particle interacting with magnetic point vortex
and magnetic monopole at the classical level. On the other hand, recently in [102] the
time dilatation symmetry of the non-relativistic Landau problem has been investigated.
However, it has been found that there is no exact dilatation symmetry associated with
the non-relativistic Landau problem, thus giving rise to a non-conserved dilatation
charge at the classical level and further a dilatation anomaly due to quantization. It
may be noted that all these problems has a similar form for the Lagrangian but their
scale transformation properties are different. These observations naturally encourage
us to investigate whether the generalized Landau problem respects this symmetry and
if any dilatation anomaly pops up.

Now, by inspection we see that only the kinetic term of the effective action (Eq. (2.97)))
is invariant under global time dilatation transformation:

t—t =e T, (2.98)

when the coordinates must concomitantly undergo a change:

/ ol

ai(t) = q;(t) = e 2qi(t), (2.99)

where 7 is a real parameter. Following Jackiw [69,[101], the Lie differential of the field
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qi(t) due to infinitesimal dilatation transformation is given by -

) 1
opqi = v(tgi — 5%’), (2.100)

where 6pg;(t) = q;(t) — qi(t). Tt is now possible to write the non-conserved dilatation
charge [68] from Noether’s analysis of (Eq. (2.97))). To compute the generator of the
dilatation transformation, it will be convenient to allow the parameter -y in (Eq. (2.100)))

to depend on time: y = 7(¢) i.e., infinitesimal local variation viz.
pai(t) = (1) Qai(1)), (2.101)
where Qg;(t) = (t% — 2)¢;(t). The change in the action due to these transformations

OL.

OLctr . 0L, )
hsusr = [t 5500 20 G oo + L aun))| (20w

. d mpOk; .
= /dt [prqi + () (dt(tLeff) + kg + %Eiqu'qi>] ; (2.103)
where p; = ag% is the canonical momentum. Here, we choose ¥(t) to vanish asymp-
totically so that one can safely discard the boundary contribution
and the action Scyy then changes as :

0 . dD(t
55Sers = /dm(t) (qu? +mBk1?h6ijqui - di)>’ (2.104)

where D(t) =tH.5s — %(qipi), and Herr = ¢ipi — Leyy-

The above expression (Eq. (2.104)]) holds for any arbitrary field configuration ¢;(t) with
the specific change §5¢;(t). However, when ¢;(t) obeys the classical equations of motion

then 0S.r¢ = 0 for any d¢g; including the symmetry transformation (Eq. (2.101)) with
~(t) a function of time. This indicate that at the on-shell level, we have the non-

conserved dilatation charge (D) corresponding to the (broken) dilatation symmetry as

D (t)
dt
where Ao(t) = Ao(qi, ql, t) = kl(q? + mB%Gijq]'(ji).

= Ao(t) (2.105)

We can really identify the non conserved dilatation charge D as the generator
of the infinitesimal global scale transformations . The generator of the
transformation, consistent with dpg;(t) = y{D(t),qi(t)}. At this stage, we observe
that the scale invariance is broken explicitly by the presence of parameter k; in the
action (Eq. (2.97)) and the dilatation charge D acquires a non zero time derivative
(Eq. (2.105)f). If kq vanishes, the scale transformation has no effect on the
dynamics and therefore corresponds to a symmetry at the classical level. In presence
of k1, the second term proportional to 6 arises because of the non-zero scale dimension
of 0 also for fact that the symplectic bracket between the non-commuting coordinates

(Eq. (2.69)]) is not invariant under dilatations (Eq. (2.100)). Our observation therefore
corroborates with the findings of [103}/104].
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2.4.2 Anomalous Ward-Takahashi Identities

We now proceed ahead to discuss the path integral formulation of Ward-Takahashi
(W-T) identities associated with the action described in (Eq. (2.97)). At zeroth-order,
it represents the quantum-mechanical counterpart of Noether’s current conservation
theorem. In this section, we will explicitly calculate the W-T identities upto 2nd order
and we will see that the W-T identities associated with broken dilatation symmetry is
anomalous, indicating an existence of a non-vanishing dilation anomaly. Here we use
the word anomaly to emphasise its genuine quantum mechanical origin and its contri-
bution is over and above the terms arising from the breaking of the symmetry at the
classical level itself. During the course of the derivation of these W-T identities, we
adopt the method due to Fujikawa wherein the anomalous terms are identified with the
Jacobian factor arising from the path-integral measure under the scale transformation.
The anomalous term arising here is eventually regularized using Fujikawa’s prescrip-
tion [105,/106].

In order to present our analysis we consider the generating functional in 0 + 1
dimensional QFT defined in effective commutative description (Eq. (2.95))) :-

Zogs 1 Jos N = / DX(t) ei I HXTORXOAATTX) (2.106)

For our purpose we confine our attention to Z. s instead of Z as the presence/absence
of solely source dependent factors (KC[Ji, J2]) does not change the Ward identities. Here
R is self-adjoint and its eigenvalues are being considered as discrete real here -

Ror(t) = Megr(t), (2.107)

where the eigenfunctions ¢y (t) satisfy the usual orthogonality and completeness condi-
tions:

/ﬁ%W%@:%ﬁ

) (2.108)
> ok(t)o}(t) = 3(t — 1)l
k=1
In order to specify the functional measure, we expand
oo
X(t) = ardi(t) (2.109)
k=1
Now, the functional-integral measure is then defined as,
k=00
DX = [] dar = Da (2.110)
k=1

To obtain the W-T identities, we study the behaviour of the action (Eq. (2.97)|) and
the measure defined in (Eq. (2.110))) under infinitesimal local dilatation transformations

(Eq. (2.101)) of the field ¢; as
X(t) = X'(t) = X(t) + 65X (1), (2.111)
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with 65X () = 'y(t)(t% — 1)X (), the expansion coefficients of (Eq. (2.109))) change to-
aj = aj = a;j + Zak/dt’y ¢T t— — 7)¢k( ))- (2.112)

Thus, the measure changes as [107] -
=00 =0
DX — DX = [] daj = (detcji) [] daj = """ ex)DX (2.113)

where det(cjj) can be read as the Jacobian of the transformation (Eq. (2.112)]), whereas,
the transformation matrix elements c;j; can be obtained by,

da’ o
e = 5t =+ [ @)Dt - H)on) (2114)

Now, the above effective generating functional of connected Green’s functions (Eq. (2.106)|)
can be re-written under the dilatation transformations (Eq. (2.111))) as,

't / T +/
Zepp[J1, J23 ] = /DX’ o 2o dt [ X TRX 0T X

_ /eTr(ln GIPX  ef [0 A[XTRXANIT X] 48§ Se s+ [N [23, dtdT (1)55 X (1)] (2.115)

In the first equality, we have simply re-labeled X (¢) by X (t) as a dummy variable in
the functional integral . The second equality is nontrivial and uses the
assumed coordinate transformations (Eq. (2.111))) and (Eq. (2.113)]). For infinitesimal
~(t) the generating functional changes by becomes,

Zets L1, Jo: \] = /DX(t) e% e dt[XTRX—i-)\JT.X]e%[ééseff—&-ffooo dt(ZJT 58 X —ifiy (1) A(1)))
(2.116)
where,
Z 1) )qbk( ). (2.117)

This A(t) is known as anomalous term. Now reverting back to component notation

and performing the Taylor series expansion of the exponential factor in (Eq. (2.116)))
upto terms of O(y), we obtain :-

Zegs [J1, 23 Al = /Dql(t)D%(t)eé[Sefﬁfoo“ &t Miai]

« (1 + % / dty(£) (Do — % + AJi(1)Qqi(t) — ihA(t)) + 0(%)) . (2.118)

where in the last line we have made use of eq.(Eq. (2.104)). The invariance of the
functional integral under the infinitesimal transformations (Eq. (2.111)]) (the change of
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variables in integration does not change the integral itself) represents the W-T identi-
ties. Specifically, the variation with respect to v(t) must vanish since it holds for any

value of v, i.e.
(5Zeff[J1, JQ;)\]

57 (1) lh=0=0 (2.119)

This yields
0= /Dql(t)Dqg ehSers
/dtlj tl q; tl 2h2 //dtldtzj (tl)Jk(tg)qZ(tl)qk(tg) + o )

h(Ao O+ () Qu(t) — A ) (2120)

Rearrangement of the previous expression yields:

0= /Dql(t)D@(t)e%Seff(;(Ao(t’) - % —ihA(t))
+20 [dngan)@o) - G - )

- /dtlJi(tl)QQi(t1)5(tl — )]
~ 52 //dtldth(tl)Jk(tz)qz(tl)QQk(Q) (ta —t')

+ / / dtydty Ty (1) T (t2) Qas (1) gi (12)8(t1 — t')

+ i//dtldtzJi(tl)Jk(tg)qi(tl)qk(tg)(Ao(t/) B % _ihA(t ))
X ﬁ(AO(t/) - % — RAE))] A+ e ) (2.121)

Since W-T identity is actually an infinite number of identities satisfied by the Green
functions, the different orders of Ward-Takahasi identities are obtained in terms of
mean values of dynamical quantities E| by taking the functional derivative of right hand

side of (Eq. (2.121)) with respect to the source term i.e. &]-L(t’)&]%;(t’) ..... and then
AT m\ly

setting Ji(t)’s to 0.

Thus the zeroth-order W-T identity:-

d

- (D(t")) = (Ao(t")) — ih (A(t')) (2.122)

'where the mean values are defined as: (T*[............ D) = Da(®)Dga(t)[.ecvvnenn ]e%SEff apart from
the aforementioned normalization factor.
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First-order W-T identity:-

L DG ()]) = (T o)1) — ih (T AW )as (1)
— ihs(t) — ') (Qqi(t1)) (2.123)
Second-order W-T identity:-

di/ (T* D )gr(t)ai (1))]) = (T*[Ao( )ar(th)ai (t4)])
—ihd(ty — ') (T*[qr(t) Qaqi(ty))
—ihd(th — ') (T*[Qqr(t5)q: (1)])

— ih {T*[A(t)qr(th) @i (t1)]) (2.124)

Similarly one can also derive the higher-orders Ward-Takahashi identities. Particu-
larly, the zeroth-order W-T identity tells us that the dilatation symmetry is explicitly

broken due to presence of the spring-constant k; in the Lagrangian (Eq. (2.91)), which

is consistent with that from Noether’s analysis (Eq. (2.105)). But at the quantum
level, there is also an additional correction term on the right which is the contribution

from the existence of anomaly due to quantization and it is the anomaly term A(t)
which is solely responsible for modifying the rate of change of dilatation charge D(t).
The higher-order identities also show up this anomalous behavior up to ” contact terms”.

Furthermore, it is worthwhile to observe that in this derivation of W-T identities,
the ill-defined expression of the anomaly term in (Eq. (2.117))) apparently looks diver-
gent. This is because, at each time point ¢ we are summing over an infinite number of
eigenmodes ¢y (t), however it is possible to give a physical meaning to this expression
by the method of regularization and subsequently extract out a finite result as we will
see in the next section.

2.5 Computation of the dilatation anomaly: Fujikawa’s
method

Now we are in good position to compute the anomalous term in W-T identities. Fol-
lowing Fujikawa’s prescription [106], the dilatation anomaly can be regularized by cor-

recting each contribution from ¢ (t) by a factor e~ /M? as,

A(t) = Apeq.(t) = lim Z% )gbk(t)e_’\z/M (2.125)

Here qbk(t)¢2(t) is an ill-defined object and can be interpreted consistently by first
separating time points and then taking the coincident time limit at a appropriate step.
A simple manipulation therefore yields:
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AReg.(t) = lim lim trZ(tﬁ - l)e—RQ/Mngk(t)qs};(t')

M—o00 t—st/ k ot 2
8 1 2 2
= lim lim tr|(t— — 2)e R/M 5t — I
i i |63, = o~
o0 dZ 8 1 2 2 /
= lim lim ¢ (= — Z)e RY/MZ giz(t=t)] 2.126
Mbo £ T/_oo oror ~ 2 ¢ 2 (2.126)

Note that in above, tr refers to only the 2 x 2 matrix indices whereas the Tr appearing
earlier in refers to both functional and matrix indices. Here we have
made use of the completeness relation of ¢x(t) (Eq. (2.108)) and in the last line, the
integral representation of Dirac delta (¢)-function has been used. Now we define a
classical parameter ¢ = % to be used from now onwards in order to remove any h

dependency of #. The expression of the anomalous term (Eq. (2.126))) after computing

r2Z . ,
limy_, e~ 12 ¢2(=t) and then taking the limit ¢ — ¢’ becomes -

A = 1 < dz . 1 —aI—i—bcryH
Reg.(1) = Jim tr - %(zzt - 5)6 2 (2.127)
where
1
a= W(m%f + 4mE k2022 — 2mpk 22 + k?)
dmpk,0’
b= T21(mBz3 —k12)
Using e~ = ¢7%I, €%y = Icoshb + oy sinh b and completing the trace operation, we
have :-
Apeo () =2 Tim [ Lozt — He coshib (2.128)
Reg.(t) =2 lim —(izt — = )e .
9 M5oo | _ o 2T 2

Since e~ cosh b is an even function in z, the first term in the integral doesn’t contribute.
Therefore, the regularized version of the anomaly term (Eq. (2.128)|) can be re-written

in a much simpler form as,

1
AReg.(t) = = lim ——(I1 + I2), (2.129)

M—o0 27

where the integrals I; and Iy are given by -

[ee]

I :/ dze TP
0
o0

I :/ dze @0
0
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2
Let 22 — 2k10'z = s, % =p, pw'? = q (where w'* = k2672 + %) and r = /s + k202
The integral I; becomes :

o0
I1:/ Lexp—p(s—cﬁf
0

2¢/s + k20"
< dr 1212
B e H—
_ e_pw,4 /00 dr o2 (2.130)
K202 29/
Similarly one can show :-
4 o dr 2
L=e™ ——e P 2.131
2o /kf@/? NG ( )

Thus the regularised anomaly factor Apgeq. (t) simplifies to -

. 1 S B o
AReg.(t) =— lim —e ™ dr r—1/2e—Pr°+2qr
k272

M—o00 2T
00 k302
4 [/ dr T—1/26—pr2+2qr o / dr T—1/2€—pr2+2qr
0 0

(2.132)

I
|
|
=
=
a
T

Now, taking the limit M — oo, the 2nd integral in (Eq. (2.132))) is convergent and gives
a finite result of 2k160’. The first integral can be evaluated as in [112]:

i et [ I e g )i () D )eFemt (2133)
M—00 0 T M—00 2) 72 ’
where y = %. We can also write D_;/5(y) in terms of K ,(y), where D_;5(y)

and K 4(y) represent the parabolic cylindrical functions and modified Bessel function
respectively.

lim (20) T () D i()es = lim (2p) Fe (2K, u(Cy?)  (2.130)
Mlﬁoo P 2 _% y _Mlﬁoo P 4y 1/4 4y ’

Using K j4(z) ~ %F(%)(%)fi as ¢ — 0, we have :-

[ 1 1 1 1
lim e P 4/ ﬁefprbﬂqr =— lim I <> p*i =_— lim I <4> (M/mp)'/?
0

(2.135)
Age (t):—i Ly (L (M/mp)*/? — 2k, 0’ (2.136)
g 21 |2 M50 \ 4

Note that the first term in the expression is independent of the coupling k; and is
the same as in the free particle case of our effective commutative theory, which is usually
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considered to be non-anomalous and only the second term is independent of the cutoff
parameter M. Therefore, following conventional wisdom [113], we now concentrate on
the nontrivial finite contribution coming from Wﬂ) To obtain a non-divergent
anomaly part, we need to renormalize the relation (Eq. (2.136)|) in free particle theory
limit k1 — 0 by simply adding a term ihy(t)Ay in the Lagrangian L.ss (Eq. (2.116))),
thus cancelling the divergence in (Eq. (2.136)]). Here, A is equal to the Fujikawa factor
for the free particle theory,

_ 1y 1 1/2
A = gy ]V}linoof (4) (M/mp) (2.137)

Therefore, after renormalization the correct anomaly is given by :
1
Arenormalized = AReg. - Af = ;klel (2138)

Taking into account the above scheme of renormalization, only the finite piece of the
anomaly term contributes to obtain renormalized version of the set of bare W-T iden-
tities given in (Eq. (2.122)HEq. (2.124)). Furthermore, expression of the anomaly term
(Eq. (2.138)) is completely independent of field configuration, so, the form of the anoma-
lous term is the same even if we directly work with noncommutative space variables,
however, dilatation transformation would have been implemented in a different way. On
the other hand, since the anomalous correction to the W-T identities is a first order in
0, where 6 = f—é, which suggests that for commutative limit i.e. & — 0, one must have
h — 0, indicating thereby the commutative limit coincides with the classical limit. This
indeed attests to the fact that in this setting, the correct quantum corrections are fully
taken into account only when we switch to the non-commutative quantum framework.

2.6 Discussion

In this chapter, we’ve studied a system of interacting two opposite charged particles in
two dimensions, subject to a strong perpendicular magnetic field and low mass limit.
We have demonstrated clearly show how the first-order Lagrangian of the system is
gets mapped directly to a deformed harmonic oscillator. Then we reviewed the quan-
tum picture for the above using Hilbert-Schmidt operators-based formulation. Here the
noncommutativity is given as an effective description unlike in many other works where
it’s postulated as a fundamental parameter. We then construct a path-integral formu-
lation of the functional integral using coherent states, as a theory in 0+1 dimensions.
The commutative equivalent action derived through path-integral describes a charged
particle moving in a constant background magnetic field and under the influence of ad-
ditional harmonic oscillator potential - the generalized Landau problem. Moreover, the
non-commutative harmonic oscillator and generalized Landau problem are found to be
related very closely. The important point is that the form of this action has the same
form as that of a charged particle interacting with some point magnetic vortex which
is scale or dilatation invariant unlike our present case, thus suggesting the need for a
radical analysis for each individual case. We compute the W-T identities associated
with the broken dilation symmetry which appear to be anomalous. To the extent, we
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are aware this has been remained unexplored in the literature from the point of view
of non-commutative physics under scaling transformations. The anomalous term has
been measured and regularized following Fujikawa’s method.



Chapter 3

Quantum (phase)-space and
emergent geometrical phase

In the previous chapter, we have discussed the broken dilatation symmetry at the
classical and quantum level for an interacting dipolar system (a two-body problem)
subjected to a large magnetic field at which our system effectively described as a har-
monic oscillator placed in the ambient quantum (non-commutative) plane. Also, we
have established a mapping between the non-commutative harmonic oscillator and a
generalized Landau problem.

Indeed, apart from this spatial noncommutativity in the well known Landau prob-
lem, it is well known that the non-relativistic theory in a 2 4+ 1 dimension [114], planar
Galilean group can be endowed with two fold centrally extended Galilean algebra: (i)
one involving the commutator of the Galilean boost generators K; between themselves,
which is a non-zero constant [K,,K ;| = ihre;j, and (ii) the other involves the com-
mutation relation between the Galilean boost and linear momentum, which is related
to the mass (m) of the particle: [KZ,]SZ] = 1hmd;;, with other commutators taking
their usual structures. Here the central charge x can be identified with the fractional
spin of the anyons, as has been shown in [115,|116], on using certain nonrelativistic
reduction of (241)-dimensional Poincar algebra iso(2,1). The price to be paid for a
realization of two fold centrally extended Galilean algebra is the Galilean covariant
coordinates satisfy non-commutative algebra [2;, ;] = ife;;, with Airx = m26. Now, we
can further consider a modified commutator between the two components of the mo-
mentum operators [P;, Pj| = iBe;; with constant B. Here this B can arise in presence
of a uniform and constant magnetic field normal to the plane. This can be seen to
correspond to the case of the coupling of non-relativistic anyons with this background
magnetic field. Various interesting points of this simultaneous noncommutativity in
the coordinates and momenta has been studied in the context of fractional quantum
Hall-effect(FQHE) [117] [118], [119]. Besides this, the effects of phase-space noncom-
mutativity can have nontrivial consequences in Gravitational wave detection and such
a situation has been encountered in [120]. On the other-hand, non-commutative phase-
spaces also provide a physical background to exact quantization of interacting scalar
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field theory [121}/122].

In more recent times, Xiao et.al. have shown that in the semi-classical analysis
of Bloch electrons in presence of magnetic field, a nonzero Berry curvature of the
band structure leads to a noncommutativity between phase space variables [123] and
the effect of Berry Phase in deformed phase-space geometry has also been discussed
in [124]. As a result, it’s important to look into whether the Berry phase exists in
a quantum-mechanical system where both the position and momentum operators ful-
fil non-commutative algebra. We are also aware of the universal appeal of the Berry
phase [125,/126] from both theoretically such as fractional statistics [127}/128], anoma-
lies in gauge field theories [129-131] and also in several other situations encountered
in experiments [132,133], wherein the system Hamiltonian depends on some set of pa-
rameters and the Berry phase or geometrical phase obtained through the adiabatic
transport of a quantum system around a closed path in this parameter space. An im-
portant feature of this geometric phase is that it does not depend at all on the rate
of traversal of the circuit provided of course the change is adiabatic. Furthermore, a
classical counterpart of this quantual geometric phase shift was found by Hannay as
well as Berry for a classical integrable system, which is known as Hanny’s angle. A
more detailed discussion is given in [135,/147].

In this chapter, we study the appearance of adiabatic phase shift in the context of
planar quantum mechanics for a quantum two-dimensional simple harmonic oscillator
model with constant noncommutativity in both coordinates and momenta. However,
in this context, we would like to mention a similar work carried out in [134], though in
a different system involving a gravitational quantum well. In that paper, their original
model was defined on the usual(commutative) phase-space and introduced noncommu-
tativity just rewriting the commutative variables by their NC counterparts by exploiting
inverse of the Bopp shift (or the Seiberg-Witten map in the parlance of |[134]), and found
no geometric contribution in the total phase. Here we follow a different approach to
obtain a non-vanishing Berry phase which does not agree with the conclusions of |134]
for reasons that we explain in the sequel.

The different sections of the chapter are organized as follows. In section 3.1 we
introduced a parametric harmonic oscillator placed in the ambient non-commutative
phase-space (both positions and momenta are non-commutative) where mass and fre-
quency parameter are slowly varying periodic function of time. Here the energy spec-
trum is computed by using a generalised non-canonical phase space transformation,
which we refer to as generalised Bopp shift (see Appendix-A), which connect the non-
commutative phase space variables with their commutative counterparts. In this con-
text, we would like to mention that in the literature one can find claims by [137] that
this mapping from noncommutative phase space to usual (commutative) phase space is
not unique. However, as we show in the appendix- A that for a particular case, they are
unitary equivalent. In the next section (3.2) we find out, the geometric phase factor in
Heisenberg picture which is acquired by the annihilation (and corresponding creation)
operators under an adiabatic transport in parameter space of the system. In section 3.3
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we discuss the usual expression of geometric phase in terms of the phase gathered by
the state vector by going over from the Heisenberg picture to Schodinger picture and it
is our present contention that we provide a connection between the quantal description
of geometric phase shift and classical Hannay angle in a rather straightforward manner
in sec 3.4. Concluding remarks are given in sec-3.5. There are two two appendices; in
the Appendix-A we discuss different realizations of non-commutative algebra and their
equivalence while in Appendix-B, apart from reviewing some of the necessary symmetry
group theoretical aspects related to our model, we discuss the apparent removability of
geometric phase by a time-dependent unitary transformation, it nevertheless is shown
to reappears in disguise in the dynamical phase but retaining its geometrical nature.

3.1 Quantum parametric oscillator in non-commutative
phase-space

In this section, we basically consider a two-dimensional non-commutative plane where
a harmonic oscillator with time-dependent parameters P(t), Q(t) varying adiabatically
with period T is subjected to momentum noncommutativity. This system is governed
by the Hamiltonian

H(t) = P(t)(5; + 53) + Q(6)(#F + 23), (3.1)

with P(t),Q(t) > 0 and these time-dependent slowly varying parameters are as-
sumed to absorb all other parameters like mass, spring constant as mentioned in the
previous section. Our model is constructed in the spirit of [138-142] where the moti-
vation of having time dependency of the parameters P(t) and Q(¢) in the real physical
model was demonstrated. The entire Heisenberg algebra of Non-commutative phase
space is characterized by:

[.’i‘i, i’j] = i@eij; [ﬁz,ﬁ]] = ineij; [.@i,ﬁj] = Zﬁéw ;9?’] <0 (32)
where 6,1 are taken to be constants and we shall restrict ourself to negative value
of On for consistent quantization. See for a detail discussion [143,/144] and references

therein. However, this deformed phase-space algebra [Eq. (3.2)| enforces a symmetry
between the coordinates ; and momentum p; under the following transformation

T — P
Pi — Ti
0 — —n (3.3)
n— —0
T — —1.

Of course, this symmetry between z; and p; will be lost in absence of momentum
non-commutativity.
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In order to obtain the spectra of the model, we introduce a linear realization of the
above non-commutative algebra (Eq. (3.2)]) in terms of ordinary phase space variables
(¢i, pi), which we refer to as generalized Bopp’s shift (See Appendix-A for other kinds
of Bopp shift). These are given by,

R 0 v —=0n
Ti =qi — 57€iPj t o

2h
n: — +£€ . ”_9776.. .
Di = Di 9% ij 45 oh ijPj,

€ij4;
(3.4)

where the canonical pair ¢; and p; are commuting coordinates and momenta respec-
tively obeying the usual Heisenberg algebra:

(4, q5] = 0 = [pi,p;]; [, pj] = ihdy; (3.5)

and are distinguished by the absence of overhead hats. Obviously, this transformation
(Eq. (3.4)) is not an unitary one as it changes the basic commutation relations, but
it nevertheless enables us to convert the Hamiltonian in the non-commutative phase-
space into a modified Hamiltonian in the usual canonical phase-space, where NC effects
will manifest through an explicit dependency of the deformation parameters 6 and
n. Substituting (Eq. (3.4)) in (Eq. (3.1)) we can obtain the following form of the
Hamiltonian:

H(t) = a(t)(p] +p3) + B (i + &) + () (pigi + aipi) — ¥(£)(q1p2 — @2p1); - (3.6)

where the time-dependent effective coefficients «, (3,7, 0 are given by,

a(t) = P(t) {1 - f;} +Q() (;)2
5= e {1- g b+ P (57)°
A(t) = = (1P (1) + 0Q(1))

h
) (nP(1) — 0Q(1)

50) = (Vg
4h?

At this stage, we can recognize that our system Hamiltonian living effectively an

enlarged parameter space and can be written as a combination of three terms,

H(t) = tho,l(t) + 'thog(t) + Hp(t) (3.8)

where Hgpoi(t)'s (i=1 or 2) are like a generalised time dependent harmonic oscil-
lator Hamiltonian along i*" — direction,

Hynoi(t) = a(t)(p}) + B(t)(aF) + 6(t)(pigi + gipi)  (no sum on 4) (3.9)
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and

Hir(t) = = (t)(q1p2 — g2p1) (3.10)

which is effectively a Zeeman term in Landau like problem, where a magnetic field
is present perpendicular to the ¢ — ¢2 plane. In order to diagonalize the system Hamil-
tonian,

at first we introduce the annihilation (and corresponding creation) operators

g+ (g +ivo‘5_52> pj] j=1,2 (3.11)

1/2
o B
e (271\/@5 - 52>

satisfying the commutation relations

B

[a;, a}] = 0ij, (3.12)

2
with 8 > 0 and aff — 6% = (I;—g — g—g) + PQ > 0, as follows from (Eq. (3.7)|) and from
the fact that PQ > 0. The Hamiltonian then reduces to the form

Ht)=tw | Y ala; +1] +iny (a}az _ agal) w=2vaf— 0%  (3.13)
7j=1,2
Observing that the non-diagonal second term, is like the Schwinger representation

of Jy angular momentum operator (7 = a;1(7)ia;). If we perform still another
unitary transformation,

P I Pl R P e | g IS

@i al] = dy; [as,a5) = 0 (i,j € {+,—}) (3.15)

with M a unitary matrix, which make the term [Eq. (3.10)into the exact diagonal form
of J3, while retaining the diagonal form of the first term. Accordingly the system
Hamiltonian may be rewritten as

H(t) =h Z wia;la; + hw; wy = w F. (3.16)
j:+77
It is useful to define instantaneous eigenvalue equation of this Hamiltonian, viz.,
H(t) [n1,n2;t) = Enyny () [n1,m23t) (3.17)
and hence instantaneous eigenvalues and eigenstates can virtually be read-off from
(Eq- (3.16) s,
En1n2(t) = hw (nl + ng + 1) - ﬁ’V (nl - n2) 5

" at )" (3.18)
In1,moit) = (J:/)H'(\/@) 0,0;t), a+(t)]0,0;t) =0,

e
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where n1,ng are nonnegative integers. This reproduces the spectra produced with
[148] as well. This spectrum is clearly non-degenerate in order to avoid crossing each
other during the adiabatic process.

This reproduces the spectrum also obtained in [148]. Clearly, this spectrum is non-
degenerate so that they would avoid crossing each other during the adiabatic process.

In this light, it’s worth noting that [149] looked at essentially the same system, but
with Bartelomi’s realisation. By doing a simple scaling in (Eq. (3.71)]) and (Eq. (3.72))),
one can readily verify that the phase-space algebra and spectrum in [149] agree with

(Eq. (3.2)) and (Eq. (3.18))), respectively.
0— €0 n— &y h— hepp =R (3.19)
with £ = & (Eq. (3.73)).

Finally, rewrite our primitive operators a1, as of (Eq. (3.11)) as follows:

a; = A(t)(qi + (B(t) +iC(t) pi) (i €{1,2})

1/2 w (3.20
where A(t) = (ﬁﬂw) ; B(t) = 5; C(t) = % )

Through the time dependence of A, B,C, we can show that a4, aTi has explicit
time dependence.

3.2 Evolution of Ladder operators in Heisenberg picture

In this section we will study the adiabatic evolution of the system in Heisenberg picture
to obtain the geometric phase shift. The Heisenberg equation of motion for a generic
operator O are given by % = %[OA, H] + %. These equations of motion are formally
identical to Hamilton’s equations of classical dynamics so that the connection between
quantum adiabatic phase and the classical anholonomy associated with the classical
Hannay angle shifts will also be quite transparent in this framework.

Working in the Heisenberg representation for the ladder operators which are ex-
plicitly time dependent, relevant Heisenberg equations of motion take the following
forms:

a4 X+ 0 0 Y a4

dlae| _| 0 X Y 0 a—

dt ai o 0o Y* X7 0 al (3.21)
al Y* 0 0 X* al

Until now, we’ve found all of the expressions without any approximation. However,
we shall begin to investigate the adiabatic variation of P(t) and Q(t) from now on (t).
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Note that, due to their explicit dependency, A, B, C, «, 3,7, d follow the same order of
adiabaticity as P and Q, which is a measure of the parameters’ slow time evolution.
IfP,Q~ce,P,Qr~e2... then Fre, Fae. .., where F collectively stands for
A, B,C a,8,7,5. We won t overlook any terms that are now within the adiabatic limit,
but will merely keep track of adiabaticity order. It will eventually become evident that
the geometric phase [150,/151] can be calculated without the second or higher-order in
adiabaticity terms.

We are now able to disentangle the four interrelated differential equations caused by
the evolution of annihilation and creation operators in by first differentiat-
ing w.r.t. time and rearranging them appropriately, yielding a4 and a_ second-order
differential equations:

d2 d y . g "
o = (X + T+ X ) +ay (X - PX +YYr - X X

d’a_ da_ Y * ¥ Y * *
Pa _da (X ¥4 xt)ta (X - EX_ vy o X_X1

(3.22)

Now we observe that if Y ~ ¢, then Y ~ €2 , and so % ~ €.

Hence substituting Xy, X_,Y from (Eq. (3.21) and only retaining terms involving
first order of adiabaticity %, we deduce

d*a da Y
dt; == (qm > tay (Q - YX+> , (3.23)

where

A . C

. (3.24)
d ¢ A .
Q=i (y ~22(CB) — g - 2A’y> + {42 —ac?s? 288} + 0 (&)

C
As can be seen, the differential equation fulfilled by a_ has a similar structure.

To continue, we must write (Eq. (3.23))) in its normal form. To do so, we’ll need a
new time-dependent operator called

ay(t) = b(t)e2 (03 )ar (3.25)
Replacing (Eq. (3.25))) in (Eq. (3.23)) we obtain

b+b(q3—m2— )—i—b(YX_;_—f)}j—i-ﬁ(EQ)):O, (3.26)
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where

. .. . &
== =747 = 3.27
Y Biic C +1 c’ ( )

with both Z and Z corresponds respectively to the real and imaginary part of %

On using the expressions of 9 and Q from (Eq. (3.24))) we can be recast [Eq. (3.26)|
in the following form:
b+bU+iV)=0 (3.28)

where,

U =4C?B? +2BB +2ZCB + 0 (€%) ~ 0 ()
(3.29)

v =29 (0p) - 208 (Z - g) +0(¢) = 0(c)

Note that, since we are working in adiabatic limit, the functions U and V are
very slowly varying function with time. Hence, we can apply the formula for WKB
approximation for complex potential [152] given by

b(t) = b(0)

J!(;T)I exp ( /0 (i€(r) — 6(r) d7> + E?t)l exp ( /0 (—ie(r) + 0(7) dT)]

(3.30)
where, VU + iV = £ + i¢ and (C1, Cq) are arbitrary coefficients that can be used to
find the general solution of the differential equation [Eq. (3.30)|in our case:

5_\/\/U2+v2+U;B U+Vi%ﬁ%20ﬁ+35+a82

2 AU 203 (3.31)
e v 208 -208(2- )
0= 2 “Vau © 40P

In our adiabatic approximation, we've left out terms in the second order (or be-
yond) of adiabaticity. We can now see that the solution must adhere to the following
boundary condition: b(t = 0) = b(0). The cyclicity of the parameters also implies
that 1/|£(0)] = v/|6(T)|. Finally, only the phase factor of the second component in the
solution produces the dynamical phase of a, with the appropriate sign.
This will become clear as we compute a4 (7). As a result, we set C; = 0 in .
By combining all of these expressions, the specific solution of is obtained

as follows:
T . -
b(T) ~ b(0) exp (/ {—i (2Cﬂ + W) + qﬁ} dT) (3.32)
0
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It may also be noted that % =Z+iZ - % is an exact differential. Hence, we can

write,
Ty T O T T
/dT:/ 74iz- < dT:/ Zdr+i/ Zdr=0  (3.33)
0 Y 0 C 0 0

Clearly, the above expression (Eq. (3.33)]) indicates that ¢ is an exact differential.

As a result of (Eq. (3.25)), we can effectively delete the term involving only the
total derivatives, and the corresponding dynamical and geometric phase shifts emerge
in a factorised form as,

T > C > T A C .
a:(T) = a4 (0) exp (—i / (205+W> ey <A+2”+c+§) dT)

- : -
=a4(0)exp (—i/o W) d7'>

2C8
Therefore, we arrive at the following approximate solution,

- :
a+(T) =a4(0)exp <—i/0 (2CB —~) + (;é) d7'>
(3.35)

— a4 (0) exp (;/OT (ﬁ/,uyh)dTi/OTf};z_ <g) dT) .

The two objects in the exponent reflect the dynamical and geometrical phases,

(2CB —v) + (
(3.34)

respectively.

Finally, a critical analysis of the solution of the evolution equation of a_ in (Eq. (3.22)))
reveals that a similar approximate solution can be obtained for a, with the exception
that (+7v) is replaced by (—7), and 7 enters the solution only via the substitution of

(Eq. (3.25))). As a result, we have

a_ (T) = a_(0) exp <—; /OT (Feo + ) dr — z'/OT g% <;> dT) , (3.36)

which gives the correct dynamical phase associated with a_.

3.3 Geometric phases

The structure of the geometric phase in the Heisenberg picture is examined here. Hence
observing the excess phase factor over and above the dynamical phase in the expression

of both the creation and annihilation operators a4 (7') in (Eq. (3.35)) and (Eq. (3.36))),
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obtained through the coupling between annihilation and creation operators in the above
Heisenberg equation of motion whose leading behavior for adiabatic trans-
port around a closed-loop I' in time 7" can be identified with the geometric phase or
Berry phase ( more precisely a geometric phase shift). As will be demonstrated very
soon that this phase depends only on the geometry of the circuit I in parameter space.
It is interesting to note that the second phase factor(above) obtained here can readily
be converted to the usual expression in terms of the phase gathered by the state vector
by going over from the Heisenberg to the Schédinger picture.

Moreover, the geometric phase factor ®; (over and above the dynamical phase
i [ dt(hw £ yh)) can be rewritten as a line integral in parameter space by using the
transformation

d dR

dr — dr
where R represents a vector in the parameter-space and Vg denoting the the gradient
operator in parameter space.

VR (3.37)

As the system Hamiltonian changes via the parameters in such a way that it makes
a circuit I' in the parameter space and returns to its original values, the additional
phase &5 can be integrated over this closed-loop I' traversed in time 7' so that it can
also be written as a functional of I" as,

er] :frzas ng< ) iR = // vR< > « Vi <;) .S, (3.38)

where we have made use of Stoke’s theorem in the second equality relating this line
integral over a closed curve in parameter space to a surface integral over S, where S is
any surface in the parameter space that has the closed loop I' as its boundary. Note
that from final expression all references to the time 7 has disappeared, the phase ®¢
depends only on the curve traced out in parameter space and not on how the curve
is traversed. Thus @ is a geometric object which is independent of the dynamics in
contrast with the dynamical phase.

Now substituting «, ,7,0 from (Eq. (3.7))), the geometric phase can now be ex-
pressed in terms of our time dependent primitive parameters P(t), Q(t) and the con-
stant noncommutative parameters 6 and 7 as,

1 b +P(2fz)
(7 )

n
VR P (Qﬁ)
Q <1 - 4h
Let us introduce, at this stage, the classical non-commutative parameters 6 and 7 as,

9=h0 n=hn, (3.40)

(3.39)
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Accordingly the geometrical phase factor may be rewritten as

A i ~9
bl = \/? //SVR Q (4 9n~>;rP17 )
\/(]377 - Q‘g) +4PQ (3.41)

-dS

Pii— Q0
0 (4 _ éﬁ) + P2

Vr

At this point, we can be confident that the denominator of the following equation,
PQ > 0, will never vanish. Also, if one of the two types of non-commutativity is absent,
i.e. if # or n = 0, the geometric phase vanishes. So, for this 2D parametric oscillator
system, the non-commutative character of phase space geometry as a whole, as well as
the geometry of the manifold corresponding to the effective parameter space, plays a
vital role in the creation of geometric phase shift.

Before we progress further, let us pause for a while and make some pertinent re-
marks:

e The appearance of this nonzero geometric phase factor in this case is attributable
to the breaking of the discrete time-reversal symmetry of the system Hamiltonian
(Eq. (3.1)), (Eq. (3.6)) [153-156]. In order to emphasize this matter, we need to ex-
plain the deeper meaning of the time-reversal symmetry of time dependent Hamiltonian
H(t) which is determined by a set of time-varying parameters. To begin, consider this
system Hamiltonian H(¢) as a sequence of instantaneous time-independent Hamilto-
nians associated with each instant ¢, each of which is a distinct Hermitian matrix
(finite or infinite) with complex off-diagonal and real diagonal elements. Time reversal
symmetry now refers to instantaneous Hamiltonians H(tp), i.e. the parameter’s time
dependency is frozen at their values corresponding to that moment ¢ = ¢y, which is
no longer time-dependent. Thus a time-dependent system Hamiltonian being invariant
under time-reversal refers to the fact that, each such instantaneous Hamiltonians in the
sequence described by a real symmetric matrix, not just a complex Hermitian.

In other words, suppose we consider a system whose time evolution is governed by
this instantaneous Hamiltonian H(¢g) for some limited time interval after ¢y and then
time reverses at any subsequent time ¢ > tg. In other words, if we consider a system
the time evolution of which is governed by this instantaneous Hamiltonian #(tg) for
some finite time interval after ¢y and then time reverse at any subsequent time ¢ > tg,
then the corresponding wave-function is then obtained simply by performing complex
conjugation, with no effect on the set of parameters occurring there. This is due to
the fact that the properties of the time dependent parameters are now kept fixed to
their respective values at time ¢t = tg and are thus not affected by either the continuous
time translation or the discrete time-reversal transformation, i.e. at the instantaneous
limit the parameters remain untouched under the operation ¢ — —¢, which we can
more correctly refer to as a ”quasi-time reversal” transformation. Consequently, under
this “ quasi-time reversal” anti-linear unitary transformation, if the system retraces
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its own history, regardless of which instantaneous Hamiltonian of the original time-
dependent system is chosen, we say H(t) is invariant under time-reversal, then we say
H(t) is invariant under time-reversal. A precise mathematical definition of time-reversal
discrete symmetry [153,[154] would be:

H(t) 27! = H(t) (without any change in the sign of t)

1

where the instantaneous time-reversal operator (anti-linear) = preserves all real time-
dependent parameter(s). The concept of instantaneous time-reversal symmetry was
borrowed from [157], where closely related situations were observed in a topological
insulator model.

Now, in usual commutative space: H.(t) = P(t)(p? + p3) + Q(t)(2? + #3); with
P1, P2, T1, T2 satisfying usual Heisenberg algebra. (Instantaneous or quasi) time reversal
operator acting as: p; — p, = = Di =1 = —piand z; —» T, =2 :_1 = Z; , shows that
the instantaneous Hamiltonian is symmetric under time reversal. = H(t) é He(t),
as the parameters P(t) and Q(t) are not touched at instantaneous limit.

However, in the quantum (non-commutative) plane, the time evolution is governed
by the Hamiltonian with non-commutative coordinates and momenta sat-
isfying algebra or equivalently by the Hamiltonian (Eq. (3.6)) with the
usual commutative coordinates and canonical momenta, transforming like, p; — —p;
, @i — q;, under discrete time reversal. Hence, the instantaneous system Hamiltonian
H(t) = a(t)(pt +p3) + B (4] + 65) + 6(t)(pigi + qipi) — Y(t)(q1p2 — g2p1) is not time
reversal symmetric: = H(t) =1 # H(t); the presence of the dilatation operator as
well as the angular momentum operator term breaks this symmetry. Particularly, the
breaking due to dilatation term is essential for the existence of non-vanishing Berry
phase in our case. Actually, whenever a system Hamiltonian continues to support a
discrete non-degenerate spectrum and if it is invariant under time reversal, then in-
stantaneous energy eigenfunctions will be real which does not exhibit any geometric
phase under adiabatic approximation. In fact, it has been shown in |153}|158] that this
time-reversal symmetry breaking of the instantaneous Hamiltonian is a necessary, but
not sufficient, condition for the existence of non-vanishing Berry’s phase |[159]. And it
is because of this broken time reversal symmetry, while considering non-commutative
phase space, that there arises a natural possibility of obtaining a non-vanishing addi-
tional geometrical phase shift in our planar system of 2D simple isotropic oscillator in
non-commutative phase space.

e A real valued connection one-form A on effective parameter space (M) can be
identified from the above expression [Eq. (3.38)| of line integral around a closed path T’

as,

B ) ) _ Q@
<B) = —ad(a) — d[tan™Y( = 1)], (3.42)

showing that, upto the total derivative i.e. upto an exact form the Berry connection

A=
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one-form can also be written as

a 0

A= —;d(a) (3.43)
This is exactly like a nonsingular gauge transformation, the one-form behaves as a
geometric vector potential in this parameter space. The exchange symmetry between
a and f, the coefficients of p? and ¢? in the system Hamiltonian , is man-
ifested in some way with this property of this one-form. In turn, this structure of
the connection one form was also observed in [160}/161], where a Hamil-
tonian of the system with the same form as (Eq. (3.6)), which was previously used
to describe a 1D parametric generalised harmonic oscillator, was found, Except that
their time-dependent parameters «, 8,9 were fundamental in nature, whereas in our
model, effective parameters «, 8,9 are not fundamental and are instead given in terms
of fundamental P and @ via a differentiable [162] linear mapping Also,
none of our time-dependent parameters «(t), 5(t),d(t),v(t) can go to zero during the
evolution of the system; otherwise, we’d have P(t) Q(t)E| as is clear from .
In primitive parameter space (P, @), the closed-circuit I will collapse to a 1D axis, gen-
erating a diminishing Berry’s geometric phase. This is especially true for the parameter
d(t), which clearly plays an important role here and whose origin can be traced back
to , where (%) occurs as the real part of the coefficient p;; without it, we
cannot get any geometrical phase, as (Eq. (3.35)|Eq. (3.36)) demonstrates.

In addition, the () occurring in the Zeeman like term in must be non-
zero in order to obtain a non-vanishing geometric phase; it also serves another important
function by allowing us to avoid the crossing of energy levels belonging to the same sym-
metry by lifting the degeneracy, as we discussed in Section 2. Despite this, it does not
have an explicit existence in the form of the Berry connection (Eq. (3.38)IEq. (3.43))) (if
we ignore the linear relations in for now); It rather shows in the dynamical
phases of (Eq. (3.35)lEq. (3.36)]), correlating with J. Anandan et al.’s observation [163]
where U(2) was the dynamical group. To uncover the deeper reason behind all this,
observe that, although the Hamiltonian #(¢) (Eq. (3.6)Eq. (3.8)) at different times do
not commute with each other: [H(t),H(t')] # 0 for ¢ # ¢/, but is an element of the Lie
algebra su(1,1) @ u(1), which decomposes into two commuting pieces as in (80) (see
Appendix B). It’s also worth noting that these two terms in (80) commute at distinct
times. As a result, the time evolution operator (in the Schédinger image) factorizes as,

U= 72(6_% fdt[a(t)(p%ﬂ?%Hﬁ(t)(Qf+qg)+5(t)(piqz'+qwi)})'f‘(e% fdtV(t)(qwz—qwl)). (3.44)

where the time-odering or chronological operator is T. After all, ~(t), like w(t), appears
in the integral as fOT ~(t)dt, which clearly depends on the evolution parameter 7" and
cannot be represented as a functional of the closed-loop I', the latter being the telltale
'For example, v(t) = 0 V¢, implies from , that P(t) < Q(t) Vt. In fact, by writing more

6

specifically, we arrive at g =—15-
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indicator of Berry’s geometrical phases (Eq. (3.38)IEq. (3.42)): ®¢[l] = [ A.

e Finally, in our case, we would like to emphasise the unitary equivalence of the two
alternative Bopp-shifts (Eq. (3.72)| and [Eq. (3.74))), as proved in Appendix A. We can
see that the geometrical phase ®¢ in (Eq. (3.39)) was calculated for the scale parameter
&, which can be taken as £ = 1 without losing generality. The appropriate geometric
phase @ for any other value of £ may be easily found by replacing 8 — &6 and n — &n,
i.e. using the realization . It’s worth noting that if A is likewise scaled to
h — &h, ®¢ remains invariant, as the realization (Eq. (3.74)]) will reduce to the case for
& = 1, erasing the scaling transformation exactly like . If one uses realisation

(Eq. (3.72)]), the occurrence of the counterpart of the expression (Eq. (3.39)) will be
lacking at the critical value & = & (Eq. (3.73)). On the other hand, the counterpart of

(Eq. (3.39)) will be present in the corresponding realisation (Eq. (3.74)) with £ = &,
but it can be proved that it loses its geometrical relevance, and in any case, the Berry’s
geometrical phase ®¢ vanishes: @ = 0. This can be accomplished in two methods,
both of which are equal, by taking advantage of the unitary equivalence (described
above) between two types of Bopp shifts (Eq. (3.72)[Eq. (3.74)) that holds only for
¢ =& (Eq. (3.73)l To do so, we first apply the relation (Eq. (3.72)) in (Eq. (3.1)) to
get the Hamiltonian in the form,

H(t) = oV ()p? + BV (1) g2 — 4V (t)eijaip; (3.45)
where,

2
a0t =& (PO + Q0

500 =& () + 1P (3.40
00 = 5 (00(1) + nP()

The above pair (Eq. (3.45)[Eq. (3.46)) of equations, are the counterparts of
obtained by using (Eq. (3.4)) in (Eq. (3.1)). Not only do we have §(t) = 0 V¢ (which
is the counterpart of §(¢) in (Eq. (3.7))), but we also have the absence of any linear
equation relating 6(Y)(t) with fundamental parameters P(t) and Q(t), indicating the

absence of a counterpart of (Eq. (3.39))following from (Eq. (3.38)]). In this instance,
one must use (Eq. (3.42)|Eq. (3.43))), or the second phase factor in the exponents of

(Eq. (3.36)) and (Eq. (3.36))), to determine that the geometric phase vanishes: ®g = 0.

Furthermore, to arrive at the same conclusion using the Bopp Shift (Eq. (3.74)]), we
must write down the exact expressions for «,3,y,0 for & = &., which can be obtained

by simply replacing 6 — £.0;n — &n in (Eq. (3.7))), as already noted, to get

HO(t) = @ ()p? + B (t)g? — v (t)eijaip; + 6P () (aipi + pigi), (3.47)
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with

a®)(t) = a(t; &) = P(1) {1 - 639”} QW) (52;;)2

4h?
@ (p  fr e — _ &6 &n”
500 = s = @ {1 St L+ po (57 .
1O = 2(5:6) = & (1P(1) +6Q(1)
2./=
50 = o1:6) = (42" ) 0P(0) - 00(0)

The non-vanishing character of §(2) (t) in this case appears to indicate a non-trivial
®g. As a result, demonstrating that & = 0 in this example by just using
may be challenging. However, it turns out that by employing a time-independent uni-
tary transformation U € SU(1,1) ® U(1), this non-zero 6 (¢) can be avoided. Indeed,
by making use of the global (time-independent) unitary transformation

and the relations in (Eq. (3.76)]), we can easily retrieve from (Eq. (3.1)]) that
HA () = UHD )UT (3.49)

where the relevant group parameters are provided in (Eq. (3.81)) and Sy = (1 in
(Eq. (3.83)). This indicates that U(1) sector of the total dynamical symmetry group

SU(1,1)@U(1) (Eq. (3.85)) (See Appendix-B) is also set by this finely adjusted value
of group parameter Sy = 1 in (Eq. (3.83)); it is not arbitrary. This, in turn, fixes all
other parameters of SU(1,1) in . And, as previously indicated, this feature
makes it impossible to establish the vanishing of & simply by using . In
any case, we can see that the dilatation term in may be removed for any
time ¢, showing that the geometric phase factor & = 0. As a result, the phase is
integrable for this critical value of ¢ = £.. Consider the following identity as a more
conceptually transparent method to grasp it,

o (0FO(1) ~ (501)) = aO(0)s V(1) W (3.50)

which can be easily shown to follow trivially from (Eq. (3.46)IEq. (3.48))) and can be
recognized as a corollary of (Eq. (3.49)]). This demonstrates the global invariance char-

acteristic frequency (Eq. (3.96)) under the SU(1,1) or rather SO(2,1) = SU(1,1)/Zs
subgroup of SU(1,1) ® U(1)(See Appendix-B):

w(t:&) = 2/aW (DBD (1) = 21/a@) ()8 (1) — (62 (1))? (3.51)

expressed in terms of one or the other set of the effective parameters. This, as
a result, indicates that the parameters are actually linked via the SO(2,1) trans-
formation (Eq. (3.91)|Eq. (3.96)), and as has been discussed in Appendix B, this
6 (t) can be regarded as the time component of a space-like 3-vector. However, a
global (time-independent) ”Lorentz transformation” in (2+1)D can now eradicate it
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for all time.. And finally when this SO(2,1) operation is lifted to its covering group
SU(1,1) ( See Appendix-B), it gives the SU(1,1) part of the transformation matrix
UeSU,1)eU(1) (Eq. (3.75)) (see Appendix-A).

In the time-dependent Schédinger equation, no extra connection term
in Appendix-B) will develop because this U is time-independent, and for any reference
state |W(t)) whose time evolution is guided by H?)(t) as ihd; |¥(t)) = HP (1) |V(t)),
We’ve got a corresponding state (UT \\I'(t))), which evolve in time by the Hamiltonian
HW(t), as follows:

T
mW = 1D (¢ (UT ]\If(t)}) (3.52)

As a result, we're back to HD(t), where the equivalent §(M)(¢) = 0 and no geometric
vector potential develops as a result. In other words, for the scale parameter £ at this
particular value &, it is feasible to eliminate the dilatation term by applying a time-
independent unitary transformation (Eq. (3.49)) to the system Hamiltonian H?)(t) :

HA () - UHP 1)U (3.53)

As a result, the geometric phase factor vanishes.

Of course, this current analysis will not hold true for any other values of ¢ than
& Finally, a time dependent unitary transformation W(t) € SU(1,1) (Eq. (3.99))
can be used to eliminate the dilatation part completely. Unlike the previous situa-
tion, however, it is not necessary for W(t) to belong to the complete product group
SU(1,1) ® U(1); keeping the U(1) part becomes unnecessary. As a result, the geomet-
ric phase disappears only in seeming nature |[164], and it is actually pushed into the
dynamical part of the total phase, while still keeping its geometrical character [160)].
Appendix-B has looked into this.

Returning to our original goal, let’s see if we can connect the extra geometric phase
shift gained in the Heisenberg picture with the more common form of Berry phases
given using state vectors. We’ll go to the Schrédinger picture for that. Let’s start by

rewriting (Eq. (3.35)) and (Eq. (3.36)) as,

a+(T) =a+(0)exp (—iO1 4 —iPg) (3.54)

where

T T
Osa= [ (wrsnyiva= [ 20 (2 )ar (3.55)

are the dynamical and geometrical phases respectively.
Let U(0,t) be our system’s Schrodinger time evolution operator, as generated by

the Hamiltonian (Eq. (3.6)). Then, a+(t) = UT(0,t)as(t)U(0,t), where ags(t) are

the annihilation (corresponding creation) operators in Schrodinger picture. Note that
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in the Schrodinger picture, the time dependency of the Ladder operators is not totally
frozen; it derives from a collection of time dependent external parameters.

However, in Schrodinger picture, Berry’s geometric phase was derived under cir-

cuital adiabatic condition to ensure that the transported state returns to itself up to a
phase factor so that we can write,

(al(m)" (aL ()™

nl! ’I’LQ!

=u'(0,7) (ag+(T\)/>W\(/% (T)> U(0,7)10,0;t = 0)g 550
vt 3.56
W) (air%—(T)) (aE_ (T)> =190 [0,0:¢ = T

\/711!\/’112!
=UT(0,T) |n1,nost = T)g e~i%0.0

— ei(¢n1,n2—¢0,0) |7’L1, TLQ,t — O>S
where ¢y, n, represents the total adiabatic phase obtained by the states [n1,n2;t = 0) g

after evolving by H(t) over its whole period 7. We also discover, when we use (Eq. (3.54))),
that

o " (af (1))
<+(T\)/>nTl 5@ M) R

i (01,4+06) yina(O- 4+20) (“1(03):%0))%2 0.0 — 0). (3.57)
n1!lv/no!

\nl,ng;t = 0>S'

=e
_ ein1 (@+,d+q>G) einZ(ef,d'i_q)G)

It’s worth noting that we’ve used the fact that ay(t = 0) = ag4(t = 0). When we
compare the two equations (Eq. (3.56)) and (Eq. (3.57)) above, we get

Gryms = 0.0 + [11(O4 .4+ @) +n2(O_ 4+ O¢)] (3.58)

As a result, the Berry phase gained by the state vector |ni,ng;t = 0)g is,

(m.m2) _ 400 1 (1 4 o) (3.59)

The linear character of Berry phases of different eigenstates is a general conclu-
sion [165] for any Hamiltonian with equally spaced discrete non-degenerate spectrum.
In our case, the total Hamiltonian is divided into two commuting parts
corresponding to a4 and a_, each of which produces its own equispaced energy spec-
trum in their respective sub-Hilbert spaces Hx., the tensor product of which forms the
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total Hilbert space: H=H, @ H_.

Importantly, the expected value of any operator at time t in a state produced from
any beginning state and evolving under an adiabatic system Hamiltonian is influenced
by the difference in Berry phases of distinct eigenstates, where the ground state con-
tribution ¢g’0) cancels out. And this is the only concept used in Berry’s phase [166]
experiments. As a result, our derivation provides comprehensive information that aids
in the prediction of such events.

3.4 Classical analogue: Hannay angles

This section is devoted to studying the classical analog of this Berry’s quantal geomet-
ric phase: Hannay’s angle [135,/147], inter alia, Berry [125] have been shown that a
classical system exhibiting Hannay’s angle must feature Berry’s geometric phase at the
quantum level. To clinch this the correspondence we will exploit a semi-classical ap-
proach, using coherent states |[167] and some suitably chosen quantum operators that
represent the classical action and the conjugate angle variables. It will be useful to
recall the notion of Hamiltonians at the instantaneous limit presented in the preced-
ing section to discuss the idea of time-reversal symmetry that has been broken in our
situation and to decipher the Hamiltonian of a time-varying system #(t) ,
whose time dependency originates from the the occurrence of a collection of effective
parameters «(t), 3(t),d(t) and y(t) that are time-dependent, as an infinite number of
time-independent Hamiltonians associated with planar systems designated by time say
to as a series of the infinite number of time-independent Hamiltonian associated with
planar systems labeled by time say tg and the set of parameter’s values are held constant
by their respective values for time ¢y as a(to), 5(to),v(t0), d(to). Individual dynamical
systems evolving by instantaneous Hamiltonians like H(tg), if left to their own devices,
will produce movement in their own phase-spaces at the classical level, as seen below.
In reality, proper unitary (canonical) transformations of the corresponding quantum
(resp. classical) systems can bring each of these instantaneous Hamiltonians #H(tg) to
the standard form of a pair of de-coupled oscillators. And, for each of these classi-
cal systems corresponding to instantaneous quantum Hamiltonians, this ensures the
occurrence of periodic motion in the classical phase-spaces, permitting the insertion
of canonical action and conjugate angle variables. From the annihilation and corre-
sponding creation operators a; and a_, we can easily perform this duty by adding a
set of canonically conjugate coordinate and momentum operators called as quadrature
variables as,

. ha
G =5 (al +ay)
(3.60)
R . hw
P+ =1 720? (aL — ai)
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Utilizing (Eq. (3.1D|Eq. (3.14))), this exhibit

G+ = 4+(q1, 92, p1,p2), P+ = P+(q1,q2,p1,P2) (3.61)

depends on the former phase-space variables in a linear way. On a quantum scale,
this can be manifested at each one of these instants ¢y, through a suitable unitary trans-
formation V(tp) € SU(1,1) ® U(1). This is the same situation as with time-dependent
unitary transformation W(tp) as in (Eq. (3.99)]) (see Appendix B), which helped us to
remove just the crucial dilatation term, without affecting the Zeeman-like expression
in H(t) (Eq. (3.6)), except that we are now eliminating the Zeeman like term also.
However, because we are dealing with instantaneous classical integrable systems, the
explicit design of such a unitary operation V(ty) is neither straightforward nor essential
in our current scenario. In fact, an analogues linear canonical transformation with co-
efficients determined by the values of «, 3,7, at t = tg at t = tg canonically transforms
instantaneous classical systems from {q1, q2; p1,p2} canonical pairs to {q+,q—;p+,p—}
canonical pairs at the classical level (where the phase-space variables are nothing more
than c-numbers). As a result, we extract the 2D decoupled harmonic oscillator type
Hamiltonian, defined only in terms of new phase-space variables, from the classical
Hamiltonian in old phase-space variables, which is the classical counterpart of our

quantum system Hamiltonian (Eq. (3.6)) at the moment ¢ :

w? w?

Heia(to) = iqi + %pi + i(ﬁ + %pQ_. (3.62)
This is the classical equivalent of converted Hamiltonian (Eq. (3.6)|) under a unitary
transformation : V(to)H (to)V1(tg). Now, instead of only the time-independent instanta-
neous Hamiltonians #(ty) with parameters frozen at fixed values, we might investigate
time-evolution in the whole time-dependent system governed by #H(t), we would have
needed to add a suitable connection one form [169] like term iV ()9, V' (t) to the unitary
transformed Hamiltonian, such that, as in , the total Hamiltonian Hyotqr(t)
can drive the temporal evolution of the unitary transformed states (V(t)|¥(¢))). And
as shown in the case of W(t) (Eq. (3.99)]) in Appendix-B, here too we can show that the
geometrical phase simply reappears as part of the dynamical phase obtained through
Hiotai(t), but will retain its geometrical nature. But of course the classical counterpart
of this Hiotar(t) can be manifested through simply adding a term %—If to the classical
Hamiltonian (Eq. (3.62)), where F is a suitable generating function [168]. Here, of
course, This extra time-derivative term in Hyoq;(t) does not worry us, because it suf-
fices to work in the instantaneous Hamiltonian whereby external parameters «, 3, «,
and J are kept frozen at their current values. t = tg. Furthermore, in the classical case,
each of these instantaneous time-independent Hamiltonians Hey, (o) (Eq. (3.62)) gives
rise to circuital motion in phase-space when considered as a separate system, allowing
us to introduce corresponding action and its conjugate angle variables, as mentioned
above.

Let {C(I, R)} signify a family of continuous periodic trajectories in the phase space
associated with the classical system Hamiltonians Hey,(R) in this classical example
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[167] and suppose w(I, R) is the angular velocity on C(I, R), and each curve has a fixed
origin for the action variables I having a conjugate angle v. Now, a point in phase space
follows a conserved action trajectory during adiabatic motion in parameter space, and
only the shift in angular variable v(t) evolves in time, and its value at time ¢ is given
as,

v(t) = v(0) + /0 w(I, R(s))ds + Avtl(2). (3.63)

This is shown as an integration along the curve C(I, R(t)), which includes an ad-
ditional geometrical contribution, the so-called Hannay’s angle AU}{(L‘), in addition to
the normal dynamical component. We should expect two sets of action-angle coordi-
nates {{I;,v;} : i = 1,2} because our classical Hamiltonian Hc;,(R) has two degrees
of freedom.

Now let’s consider a coherent states (wave packet) [170] of our two-dimensional

harmonic oscillator (Eq. (3.16))), which are supposed to be the best approximations
to a classical state and produce a non-spreading wave packet. The coherent states

analogous to [171] in this case are the tensor product of two independent Glauber
coherent states , which are simultaneous (normalised) eigen states of the two mutually
commuting annihilation operators:

21, 22: R) = |21 (R)) @ |20(R))
a:|21(R) =2 |21(R)
_|22(R)) =2 |22(R) (3.64)

|21, 2z2; R) =€~ (l21P+]22]?) /2 Z Z
n1=0n2= O\/H\/E

In addition, I;(R) = iN;(R), where N;(R) has been demonstrated in [167] to be an
appropriate quantum operator version for classical action variable I;, where Nz(R) is
the i-th number operator, with ¢ € {4+, —} in our instance. Let ﬁZ(R) be a unitary oper-
ator described by their action, U1 (R) |n1, n2; R) = [ny — 1,n9; R); U1 (R) |0, n9; R) = 0
and Us(R) in the same way.

|n1,no; R)

They are basically the same as the well-known polar decompomtlons of Ladder
operators such as a into the so-called number N and phase operators 6:

ar =/ Nye* [Np,0y] =il (3.65)

The unitary operator Ul(R) can be thought of as the equivalent of e~ The ex-
pectation values of these operators in the state |z1,z9; R) can be demonstrated as,

I = <fZ(R)> = |z]*h and <U1(R)> = ¢/%79(%) | 50 that we can identify in the classical

. . S IJ 7’L”U'
limit z; = Fe ",
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And this natural connection between the ladder operators of the quantum system
and the corresponding action and angle-like operators was the main motivation be-
hind our unconventional approach to determine the geometric phases by solving the
evolution-equations of a4+ in Heisenberg picture, which also provides a natural back-
ground for semi-classical correspondence. In fact, the additional geometrical part of
the phases acquired by a+ over a complete period of adiabatic-excursion, as found in
(Eq. (3.35)IEq. (3.36)]), is precisely the expression for Hannay angle shifts obtained due
to the corresponding classical adiabatic evolution, as we identify below. As a result, we
can compute Berry’s quantal phases as well as Hannay’s angle from (Eq. (3.35)IEq. (3.36)))
in one go. Furthermore, if we had gone the usual route, we would have had to determine
the exact energy eigenfunctions of the quantum dynamical system in order to obtain the
necessary geometric phases, which is a difficult task for a generalised two-dimensional
Harmonic oscillator like . As a result, while our overall procedure was not
standard, it was more tailored to our desired goals.

Returning to our original topic, we now take the wave packet below as the initial
state, which best approximates the initial conditions of the equivalent classical adiabatic
transport,

21, 22; R — o (lz1PP+221?)/2
’ ( )> n;[)ng:o \/EF

and evolve it adiabatically over a complete period, to get, using (Eq. (3.58)))

|n1, na; R(0)) (3.66)

UWO,T)|z1,29; R =e~ (1 +l221%) /2
(0,7) |21, 22; R(0)) g:m;om%

finl(@+,d+<bc) —in2(0_ 4+P¢q)

_Z¢0’0 \nl, n9; R(T)> X

e
(04, d+‘1>G))

(|21| +lz2]?) 2 « e~ib0,0 E E Zle %

n1=0n9=0

—i(O_ ¢+Pg)\™

vV TLQ!

Zle*i(@+,aﬂr<1>c:)7 ZQe*i(ef,dJr@G); R(T)

(zze

[n1, s R(T))

:e*i%,o

(3.67)

As a result, the coherent state associated with the initial system Hamiltonian
H(0) develops to another coherent state |z1(T"),22(T); R(T')) at time T, where the
vectors are specified modulo overall phases, where z;(T') = z1e~"©+.4+%¢) and zy(T) =

29~ O—at®c)  Thus, from the evolution of z; and 2 in (Eq. (3.67)), through a com-
plete period of the adiabatic Hamiltonian, we can identify 4 4 = |, Ty (t")dt', where

0
wi = %aEgﬁ 2 (Like agfil“ ), with the dynamical phases and ®¢ (from (Eq. (3.38)iEq. (3.41)

with the angular shift which was obtained classically by Hannay.
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The expectation values of the new set of time-dependent phase-space operators,
namely the quadrature operators (Eq. (3.60)), are discovered to be given |170],

<in> =\/2ﬁ/7wiRe(zi)
(p+) =v/2hwiIm(z;) (3.68)
(i=1,2 respectively)

The mean values of these phase space operators in the transported state are derived
by utilizing the above-mentioned parametrization of z; and zo as follows:

<(j:|:>T =1/ 2Ii/w:|:COS(UZ'(0) + @id -+ (I)G)
(p£)r = — V2Liw+Sin(vi(0) + O+ 4 + Pg),

demonstrating that the classically canonical phase space variables, i.e. the classical

counterparts of quadrature operators ¢+, p+ , follow a classical trajectory.
As a result, the geometric phase factor ®¢ enters the non-stationary coherent-state
through all of its stationary components, namely the energy eigenstates and the classical
correspondence limit, as follows:

(3.69)

h— 0, |zi|— 0o, V/I; = Vhlzi|— finite, (3.70)

the phase component of z; determines the angle variable which is conjugate to the ac-
tion I;. As a result, the extra phase of z;, i.e. one above and beyond the dynamical
phase, can be identified with Hannay’s angle, which can be fully understood using clas-
sical considerations.

3.5 Discussion

We have studied a model of a time-dependent parametric oscillator system, defined
in a planar phase-space with non-commuting coordinates and momenta, wherein the
external parameters are slowly varying periodic function of time. Although Aharanov
and Anandan [172] show that periodicity, not adiabaticity, is more important in the
computation of the geometrical phase, we still find Berry’s original adiabatic approach
to be easier to implement. By considering a novel phase space transformation (Bopp
shift) we reduced the problem on the effective commutative space. We have shown
that in this process it is not mandatory to modify the Planck constant as is generally
believed [178,[179]. We may introduce a dilation operator in the system Hamiltonian
involving commutative phase space variable ([¢i, ¢j] = 0 = [pi, pjl; [qi, pj] = ihdi;) by
this Bopp shift, which is crucial in creating this Berry’s geometrical phase. The in-
stantaneous energy states and spectrum in this model were computed analytically by
exploiting this non-canonical phase-space transformation. We have also provided an
unconventional but novel methodology to compute this additional geometrical phase
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shift over and above the dynamical phase initially in Heisenberg’s picture and then
connection with the conventional Berry phase in the Schodinger picture is beautifully
exhibited in this approach. Finally, the classical counterpart of Berry’s phase: Han-
nay angle was also computed using two-mode oscillator coherent states. Furthermore,
the emergent geometrical phase shift is dependent on both kind of non-commutative
parameters (6 and 1) or classical deformation (€ and 7j) parameters, and it vanishes if
either of them vanishes. As a result, when considering circuital adiabatic excursion in
the parameter space, we can conclude that the quantum phase space geometry induces
a suitable geometry on the circuit I' in the effective parameter space of the system,
which manifests in the emergence of the associated geometrical phase shift.

We’d also like to point out that the effective commutative Hamiltonian H(t) ,
obtained by using the representation (Eq. (3.4)), has a value in su(1,1) @ u(1) Lie Al-
gebra , and the explicit breaking of time-reversal symmetry of the family of
instantaneous Hamiltonians H(¢)’s relies on this time-dependent Lie algebra element,
which is a requirement for obtaining Berry’s phase. As a result, the eigenspace of the
instantaneous Hamiltonians H(¢) can be viewed as a representation space for the group
SU(1,1) ® U(1), and geometrical phase appears naturally in this situation, as shown
in [173,/174]. Our result, therefore, supports this general observation. In our purposes,
the deformation parameters 6 and 7 can be classified as fundamental parameters in
some appropriate energy scale, and the resulting geometrical phase can be considered
fundamental as well.

Furthermore, in the case of more realistic models, a planar system of charged non-
relativistic anyons with fractional spin (related to ) and an additional harmonic trap
subjected to a normal uniform magnetic field B (related to 1) can be expected to ex-
hibit Berry phase with quantum phase space noncommutativity |[175H177], wherein the
mass and spring constant parameters are assumed to fluctuate adiabatically as periodic
functions of time.

3.6 Appendix A

As we have already pointed out that there exists another realization of the phase-
space non-commutative algebra given in [178|179], unlike the one which is used by
us . And Berry phase too was investigated by using that realization in
non-commutative phase-space, albeit in a completely different phenomenological model
involving gravitational potential well [134], but the Berry’s phase were found to vanish,
where a scaled equivalent version of the realization [?] given below, was
used. What we would like to emphasize here is that, our realization of the
one-parameter (£) family of non-commutative algebra given below is more
general and the realization (Eq. (3.72)|) arising in [178/|179] are unitarily related to our

proposed realization (Eq. (3.74)]), only for a particular value of the scale factor & = &,
(Eq. (3.73)) and hence at this value the same physical results will turn out to be same.
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However, our realization is persists to be hold for any other values of &,
i.e. for £ # &, also.

To draw the equivalence between the above mentioned realizations ,
holding only for & = &, , let’s consider the following structure

of noncommutativity among the phase space variables:
24, 5] = i€0ej; [Di, pj] = i€neij; [, Ds] = ihdiy ;0n < 0; (3.71)

where 6 and 7 are non-commutative constant type parameters, respectively; €;; is an
anti-symmetric tensor(constant), and £ is a scaling factor. The normal (commuting)
coordinates ¢; and conjugate momenta p; are then introduced, which satisfy the Heisen-
berg algebra: [g;,q;] = 0 = [ps,p;]; (@, p;] = ihd;;. with 6 and 7 are constant type
non-commutative parameters; €;; is an anti-symmetric tensor(constant) and £ being a
scale factor. We then introduce the usual (commuting) coordinates ¢; and conjugate
momenta p; respectively satisfying the Heisenberg algebra: [¢;, ¢;] = 0 = [ps, p;]; (¢, P;]
= ihd;;. In contrast to their non-commutative counterparts (z;’s and p; ’s), these phase-
space variables ¢;’s and p;’s have no over-head hats for brevity.

In [179], the consistent realization in terms of the undeformed variables (g;,p;) are

given through the following linear mapping :

Ne! 0
#M = \/e(qi - %Gijpj)

o 0 (3.72)
P’ = VEpi+ ﬁ%‘%’)a
which holds only if
0n 1. 2
E=¢ = (1+4—hz) ;4h° 4+ 60n >0 (3.73)

But this representation of the deformed algebra (Eq. (3.71)) is not unique as has
been pointed out in [175]. Indeed, here we provide below another possible representation
(realization) of (Eq. (3.71))) in terms of another new linear transformation, as

@_ 8 &0y

7 =dq; — 2ﬁ€l]p] + 2ﬁ GZ]C_I] (3 74)

A(2) n §v/—0n '
€iiDj,

D, =Dt o7, i i + “on

z

We thus have a novel realization that is valid for any value of scale factor ¢ which
need not be fixed to the specific value given in . This is unlike the one in
. Clearly, neither of the transformations (Eq. (3.72)) or (Eq. (3.74)) rep-
resent canonical (unitary) transformations, as they can change the basic commutation
brackets. It is, however, quite natural that for the scale factor £, set to the value in




3.6. Appendix A 66

(Eq. (3.73)), the realizations should be unitary equivalent. We now find out this uni-
tary transformation explicitly, which map the equivalent commutative representation

(Eq. (3.72)) to the other one (Eq. (3.74))). To that end, let us consider the following

unitary operator:

D L
U:exp[—i%] exp[—iﬁo?] exp|—iasep?] exp|—iaid?), (3.75)

where D = ¢.p'+ p.¢ and L = ¢ A p are respectively the crucial dilatation term and
angular momentum operatorsﬂ and relates these two representations as,

i'z(Q) _ U.%'( )UT,pE ) _ Uﬁgl)UT (3.76)

It’s worth noting that the parameters o and 3 are dimensionless in this case, whereas
the other parameters like a1 and ay are dimensionful. Using Hadamard identity, we
can now demonstrate that,

#?) = Ag; — Beijp; + Ceijq; + Dp; (3.77)
]52(2) = Ep; + Fe;jq; + Geijpj — Hq,,

where

A =\\/E[cos(Bo) + arbsin(By)], B = \f\g[(g — 2a0006h)cos(Bo) + 20hisin(fBo)]

2h
C =\/EXsin(By) — anbcos(By)], D= \i\g[(;i — 2aqa0h8)sin(By) — 2ahicos(Bo)]

E _\f\g[(l — dayah?)cos(Bo) + naasin(fo)], F= )\\[ *COS (Bo) + 2arhsin(fo)]
G :KE[(l — dayaah®)sin(Bo) — nagcos(Bo)],  H = A\/E[Q*hsm(ﬁo) — 2a1hcos(Bo)].
A =exp(—20).

(3.78)
We haven’t assigned any specific values to these eight coefficients yet. By comparing

(Eq. (3.77)) with (Eq. (3.74)), A - H in (Eq. (3.78)|) can be easily found, and is obtained

below in two segregated clusters:

V=
L (3.79)

In a normal commutative plane, the former represents a scalar operator, whereas the latter repre-
sents a pseudo scalar operator and provides appropriate transformations. It’s also common knowledge
that the three scalar generators (D, 52, %) form a closed SO(1,2) algebra [164], while L commutes with
all of them:[L, ¢°] = [L,$?] = [L, D] = 0.
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and,

4 &n vV—bn
£, , o a=eY (3.80)
The reason behind for this segregation is that a simple inspection suggests that we

can solve aq, as, and A in terms of the single parameter 8 by making use of first three

equations in (Eq. (3.79)) as,

a1 = ghtan(By)

_ 0 tan(Bo)
@z = ﬂ[ufh’g tarf]?(ﬁo)] (3.81)

A = [VE&(cos(Bo) + arbsin(By))]

and then this parameter j , can be determined by making use of the fourth equation
in (Eq. (3.79)) to get the following quadratic algebraic equation:

0
422( On)2 tanQ(Bo) (22 2h)tan(Bo) — &/ —0n = 0, (3.82)

yielding the following two roots for (y:

B = tan™ () o) B = —tan (o)) (3.83)

Now, after a lengthy but straightforward computation, it can be verify that only
(1 from along with a1, as, and X from are substituted to the
above mentioned set of expressions of B, E,F and G in , they establish
compatibility with the corresponding expression given in . This therefore
provides a particular illustration of the unitary equivalence of two different realizations

(Eq. (3.72)iEq. (3.74)) for specific choice of the value of { = & in (Eq. (3.73)). The real-
ization (Eq. (3.72)) will not hold for other values of £, in contrast to the representation

(Eq. (3.74) which persists to carry . In-fact, the realization (Eq. (3.74)]) is more general
and in our present chapter, we are basically working with the algebra (Eq. §3.2i) and

its realization (Eq. (3.4))), which are described by the equations (Eq. (3.74)[Eq. (3.71))

themselves with £ = 1.

3.7 Appendix B

Following the Wei-Norman method [180] , here we discuss the the Lie-algebraic struc-
ture [181] of our system Hamiltonian. To see this algebraic structure let us introduce
the generators:

K, = ﬁK_ — @;KO _ i(pigi +Qipi).

9 5 9 f’ L = Gijﬂh'pj (384)
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It can be shown quite easily that the K4, and K¢ and L, satisfy the su(1,1)®u(1)
Lie algebra [|182]:

Ko, K+] = +hKs; [Ki, K_] = —2hKo; [K4,L] = [Ko,L] =0  (3.85)

where L is the u(1) group generator which commutes with all su(1,1) generators.
The product of exponentials of all generators, like in (Eq. (3.75))), will generate all the
elements of the Lie group SU(1,1) @ U(1).

It will be useful to introduce the dimensionless group generators Ty, Ty Ty defined
through K1 and Ky as,

. . Ky
K, = 9(T1 + ZTQ), K = 17(T1 ZTQ),TO = \/_7977, 977 <0 (386)
where 6 and 7 are the dimension-full non-commutative parameters, which help us
to assign a consistent dimension of all the SU(1,1) generators in and in
terms of the these dimensionless basis T', ( where = 0,1,2), the above
Lie algebra take a more suggestive form as,

[To, Ti) = ihei;Ty; [Ty, Ty = —ihe;jTo  (i,5 = 1,2), (3.87)
where h = \/an is the modified dimentionless Planck’s constant. It may be noted at

this stage that Tg and T3 are anti-hermitian like K4 and Ky, but T5 is still hermitian.

A faithful 2D finite representation [183,/184] ”II” of this SU(1,1) is furnished by the
hermitian Pauli matrices &’s ad’]

h ih

H(TQ) = 503,H(TZ‘) = —EO'Z‘ (388)
On using this representation, one can easily verify that, any trace-less su(1,1) algebra
element AMTI(T,), with parameters A* and p = 0,1, 2, takes the following form

h (AO |

ANH(T#) = A* _AO

=5 > . A=A'44A2 (3.89)
If this element is now subjected to a adjoint action by U € SU(1,1) as

AMI(T,) — UAMTI(T ,)UT := BMI(T,), (3.90)

(where we could easily replace Y — V € SU(1,1) ® U(1), as [L,K,] =0 VY p.) the
resulting element in (Eq. (3.90))) will again be another su(1,1) element with some new
set of parameters B*, where the trace-less behavior will be maintain along with the

30Observe at this stage that in this finite dimensional representation, it is rather TI(Ty) which is only
hermitian and II(T';)’s are anti-hermitian. This is a typical and peculiar feature of finite-dimensional
representations of the Lie-algebra corresponding to a non-compact unitary groups like SU(1,1).



3.7. Appendix B 69

determinant. Particularly, we note that the preservation of determinant indicates that
we must have the following identity :

(A1) +(4%)? = (A")? = (B)* + (B*)* — (B")*. (3.91)

We immediately observe that here all the components of A* organize themselves
to form are often considered a Lorentz 3-vector transforming under SO(2,1) Lorentz
transformation in (241)D, where A%’s and A* may be thought of representing temporal
and spatial components respectively. This connection of the Lorentz group SO(2,1) in
3 space-time dimensions with its covering group (double cover) SU(1,1) or SL(2,R) is
documented within the literature: SO(2,1) = SU(1,1)/Zs = SL(2,R)/Zs; all of them
are locally isomorphic so to mention indicating that all of them are locally isomorphic,
but not globally.

Now, we can clearly our system Hamiltonian (Eq. (3.6))) in terms of the linear
combination of these SU(1,1) ® U(1) group generators (Eq. (3.84))) as,

H(t) = =2i[a(t) K- + B() K4 + 20(t) Ko] — 7(t) L = Hyno(t) — v(t) L (3.92)

Of course, a part of Hamiltonian Hgpo(t) in (Eq. (3.9)) is an su(1,1) Lie algebra
element. Re-writing this in terms of generators T, := (T, T1,T2) introduced in

(Eq. (3.86)) we get

Hoho(t) = =2iAH ()T, (3.93)
where
Al(t) (—na(t) +05(¢))
Ar(t) = | A%(t) | = | i(na(t) +0B(t)) (3.94)

A%(t) (2v=0nd(t))
Note that A?(t) occurs here as a purely imaginary component, which preserves the

self-adjoint property of Hgno(t) (Eq. (3.93)). Now if the above 3- Lorentz vector A*(t)
scaled appropriately by & as

AR(t) — AP(t) := hAP(t) (3.95)
Now the invariance of SO(2,1) norm of the vector A*(t) readily implies
(AN(1)? + (A2(1))? — (A°(1))* = 4R’ [a(t)B(¢) — 6% (1)] = RPw?(t) > O, (3.96)

where w(t) > 0 in (Eq. (3.13)]) is that the frequency of the Hgxo(t) and is invariant

under the local (instantaneous) SO(2,1) Lorentz transformation.

Furthermore, 25(t) oc A%(t) herein (Eq. (3.94)lEq. (3.96)) are often identified with
the temporal component of the space-like 3-vector A,. Consequently, imagine the tip of
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the 3-vector A*(tp) (at any instant ¢ = ¢p) will lie on a 2D-hyperboloid whose tangent
plane is orthogonal to A* and as time evolves a closed curve I' in parameter space
is traced out by the tip of the vector A¥, the surface could also be taken to be a
one-parameter family of hyperboloids bounded by it.

Further, at any particular instant ¢ = ¢, the space-like nature of 3-vector A* implies
that under a suitable local(time-dependent) SO(2,1) transformation we can eliminate
d(tp) in this particular Lorentz frame.

On the other hand, to do this, let us transform the Hamiltonian H g, () (Eq. (3.92))),
(Eq. (3.93)) under a unitary transformation, albeit time dependent, which belonging
to the non-compact covering group W(t) € SU(1,1) in the fashion of (Eq. (3.90)). Of
course, here, one can also consider the more bigger group SU(1,1) ® U(1) , but the
trivial U(1) element is quite insignificant here and hence it is optional in nature. This
has to be contrasted with in section-3.4, where we need to select a partic-
ular U(1) element other than identity element.

At this point, we should emphasize that it is no more difficult to construct such
a unitary operator W(t). To illustrate the point, we consider SO(2,1) transformation
A(tp) transforming the triplet at instantaneous limit:

(a(to), Bto), 8(t)) = (& (to), B (to), 6 (t0)) := (a(to), B (to), 0) (3.97)

in such a way that the coefficient of the dilatation term vanishes. Using (Eq. (3.96))),
we can easily obtain
/ Oé(to)ﬂ(to) — (52(t0)
B (tg) = ; 3.98
(to) i (399)
It is easily verified that a corresponding unitary transformation YW(t) at an arbitrary
time ¢ can be considered as,

i 0(t)
t) = —— 3.99
W(O) = exply 52 ) (399
Accordingly the instantaneous total Hamiltonian #(¢) would suffer the following uni-
tary transformation

a(t)B(t) — 8*(t)
aft)

However, recognizing, from the time dependent Schodinger equation, that (Eq. (3.100))
should not be identified as the time evolution generator of the transformed state

OW(t) |¥(t))) as W(t) explicitly time dependent. Indeed, it is easy to see that the time
evolution of the transformed state (W(t) [¥(t))) is governed by the modified Hamilto-
nian #(t), obtained through the following transformation

Va7 — Y(t)€i;aip; (3.100)

H(t) = WHHEW!(E) = a(t)p} + (

H(E) = FUE) = W HOW(E) — z‘hW(t)%WT(t) (3.101)
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so that ih0; (W (t) [¢(t))) = H(t)(W (t) [¢(t))) satisfied. It has to be contrasted with the
previous case involving global (time-independent) unitary transformation U
(See discussion below ) connecting two Hamiltonians H(1)(¢) and H3)(t)
(Eq. (3.49)]) respectively.

Now, expanding this H(t) we obtain

o _52(4) — ad (31)
H(t) = a(t)p? + ( (B5E) 5;(?) th(a(t))

This is similar to a standard bi-harmonic oscillator Hamiltonian with the exception
of the Zeeman-like interaction v(t)L. We can also see that v(t)L, Hgpo(t) and H(t)
commute between each other at different times. As a result, they have simultaneous
eigenstates that are instantaneous.

)a; —Y(t) L = Hapno(t) —7(1)L (3.102)

To find out the eigenstates of the system Hamiltonian (Eq. (4.103))) one may intro-
duce the annihilation operator

aj = (&) {qj +i\/gp]} jj=1,2 (3.103)

a(t)B(t)—62(t)— 5 4 (2)

with 8 = ( 0 ), satisfying the commutation relation [fzj, 3,;2] =0k
Accordingly, the system Hamiltonian (Eq. (4.103)) may be written in the form

H(t) = ho(t)(@la; + 1) +ihy(teralar  (5.k) € {1,2} (3.104)

where

B(t) = 2\/ (alt)B(t) — 82(1)) — “;’”j;ff(g). (3.105)

Again it is convenient to introduce the operators a through a time independent canoni-
cal transformation (Eq. (3.14))), which make the Hamiltonian in much simpler form (viz.
like number operators):

H=ho(ala; +1) — y(t)(alay —al ao); je{+ -} (3.106)

The usual non-degenerate basis states (instantaneous) considered are

al )" (a)"
T ) 9 A (

nyly/n_!

3.107)

Note that here we have introduce the time parameter ¢ within the parenthesis as (t)
in order to discriminate these set of eigenstates from (Eq. (3.18))) which are clearly not
the same; they are build upon different instantaneous vacuum states.
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Correspondingly the time dependent eigenvalues of these instantaneous eigenstates
belonging to the eigenvalues are given by,

By (t) = hao(ng + n_ +1) = hy(t)(ny —n-)

a(t) d ,o(t) (3.108)
— —(—=)| — hy(t —n_

where w = 24/af — 62 . In order to find the geometrical phases it suffices to work in
the first order of adiabaticity. This is tantamount to neglecting the terms beyond the
first order time derivatives of the slowly varying parameters in (Eq. (3.105)lEq. (3.108))).

~ h(ny +n_ + 1w(t)

Now, since H(t) and H(t)sho in (Eq. (4.103)) commutes with each other, they have
same eigenspaces. Consequently, we can re-express an eigenstate (Eq. (3.107)) of H(t),

as a linear superposition of eigenstates of H(t)spo:

npns ()= > Ot na g (8) 2, (3.109)

ni+n2=ny—+n_

where we have defined the eigenstates of H(t)spo as

=1\ <~T)"2
s, = )
sho n1lv/na!

whence ny +ny = ny +n_. This constraint assures that the eigenstates of H(t)sno
[185] come from one eigenspace. Because the annihilation operators diagonalizing ()
are derivable from the ladder operators of mathcal H(t)sho, using time-independent
invertible linear transformation (Eq. (3.14)] Cnin, ’s are explicitly time independent.
This also assures that the identical vacuum state |0, 0; (¢)) gets annihilated by both sets
of annihilation operators {a;, a2} or a1 at time ¢.
Because we're only interested in the region where the circuital adiabatic theorem holds,

the Berry’s phase for an eigenstate [n4,n_), if it exists, is:

(@) _ ) d .
¢(n+,n7) o Z/dt <n+’n_’ (t) 'dt Ny, N (t)>

d
. _ _ 2D 2D
=1 / dt Z CZ;LT:?ZLQ*C’:LL;ZQ sho <m17 m2(ﬂ|& |n17 n2; (t)>sho
ni1+nz=mi+ma
=Nni+n_

10,0; (1)) (3.110)

(3.111)
Hence for a pair of tuples (m,my) and (n1,n2) sandwiching inside the sum, there are
two possible ways: either (i) m1 = ni,mg = ng or (ii) my # ni,me # ng. Let us
concentrate ourself to the case of second possibility (ii) first as,

20 s 01 b s (0028, = (20, o (01 5 1na (02 ) x (36 Gmat0ate15)

+ (SR tma(01G a0 % (3 mOm(@)28,) =0
(3.112)
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On the other hand, for the case of first possibility (i) (mi,m2) = (n1,n2), we get,

[t (3 s 001 bonomas 0038, ) = [ (6 001 5 a2

(3.113)
HB (01 a(0)1) = o

This represents the geometrical phase of a pair of independent 1D harmonic oscillators
that don’t exhibit any Berry’s phase. So <I>$LG) = 0, implying the total system hamilto-

nian 7:l(t) does not produce any Berry’s phase by itself, apparently.

However, the total dynamical phase factor acquired by state vector |ni,n_;(t))
after a complete cycle I' of time period T by the transformed Hamitonian H(t), is

obtained by using (Eq. (3.108))), to get:

T Bnom (t
(I)n+,n—(T) :/ dt—= 7( )
0 h

- /OTdt [m F 54N+ 4 )@=~ (g o+ )IL (i)] ,

(3.114)
Although the last term is now part of the dynamical phase, it retains its geometric
nature because it represents the line integral of a real valued one-form A (Eq. (3.42))
along the closed circuit I' in parameter space as fFA in parameter space, and thus
the additional phase is a functional of I' and matches exactly with Berry’s phase
(Eq. (3.55)). When analysing the whole adiabatic phase as a whole, this illustration
shows how the key dilatation term responsible for Berry’s phase can be removed using
a time-dependent unitary (canonical) transformation, only to return disguised inside
the dynamical phase part.



Chapter 4

Quantum theory on (1+41)
dimensional quantum space-time

So far, we have deal with planar systems having noncommutativity between spatial
coordinates and also between momentum components, wherein we have considered the
time ¢ to be a simple commutative parameter. But, as we have already indicated pre-
viously that any attempt to reconcile the two fundamental pillars of modern physics:
quantum mechanics and Einsteins general relativity, should incorporate the impossibil-
ity of localization of a space-time event in the vicinity of Planck length scale (Ip = \/ﬁig’ )
within the formalism itself. In other words, the modeling of space-time by a smooth
differential manifold may break down at this scale-the scale of quantum gravity [186].
This suggests that both space and time coordinates together have to become non-
commutative operators in a more fundamental and consistent formulation of quantum
theory of gravity. And the by-product of such a formalism was expected to provide a
natural way to tame the divergences of quantum field theories. On the other hand, the
nature of time itself is expected to play an important role in the formulation of quan-
tum theories of gravitational field for a diffeomorphism (or time re-parametrization)
invariant system. In fact, this has been studied for zero spatial dimensions case in [187].

In-fact, the nature of time and its eventual status, at a more fundamental level
i.e. at the level of quantum mechanics itself,remains quite unclear even today, and it
is an open question whether our concepts of space-time are fully compatible jointly
with both quantum mechanics and special relativity itself. This situation is obvious to
any practitioners of quantum theory, who must have observed the asymmetrical role
played by space and time coordinates, in the sense that time is regarded as a c-number
evolution parameter and not elevated to the level of operators, unlike the spatial coor-
dinates. In fact, it was argued long back by Pauli [188] that if time ‘¢’ is also elevated
to the level of quantum operators then the energy spectrum will not be bounded from
below any more.In this context, we can mention about some the remarkable features of
quantum mechanics with operator-valued time coordinate have been discussed in great
detail in [189-193].We can also point out to another important work was due to T.
D. Lee [194] who have shown that time can be considered as a dynamical variable to

74
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formulate a path-integral approach for non-relativistic field theories.

In this chapter, we devoted ourselves to formulate consistent one-dimensional non-
relativistic quantum mechanics, where both space and time coordinates have been pro-
moted to the level of operator-valued coordinates. And there is some valid motivation
for pursuing such an investigation. First of all, the question of this quantum nature of
space-time is interesting in its own right, as it would be interesting to see how quantum
mechanics and space-time are intimately tied up, although the dynamical nature of
space-time may become a sort of ‘liability’, as far as the interpretation [195H197] of
canonical quantum gravity is concerned. In this context, one may recall the work of
Unruh and Wald [198] , who have proposed a formulation of canonical quantum gravity
Schodinger-like quantum mechanical equation in which time coordinate (t) appears as
a non-dynamical parameter. On the other hand, considerations of quantum gravity
and black hole physics strongly suggest that in the vicinity of Planck scale, space-time
coordinates become quite fuzzy and non-commutative in nature. The geometry and
dynamics of such a space-time can perhaps be analyzed by Connes non-commutative
geometry and his famous spectral action principle, paving the way towards a con-
sistent theory of quantum gravity. This is of course a long project and we have no
intension to study it here. Rather, our aim remains quite modest here, in the sense
that we would like to simply understand the basic quantum mechanics with built-in
time-space noncommutativity. This will simply serve as a toy model, where it would
be worthwhile to study the basic Schrdinger quantum mechanics [199] for a canonical
(constant) non-commutative Moyal type space-time (([Z#,2"] = i#"") ). There are a
few interesting papers in the literature, dealing with some phenomenological [35,200]
investigations, which reveal various interesting points of this problem. Very recently,
we have also analyzed the dynamics of a non-relativistic, as well as a relativistic dy-
namical system in Lie algebraic type ( -deformed) space-time [201}202]. Moreover, it
is important to mention that the case of relativistic quantum space-time, say in 3 + 1
dimensional space-time, with constant matrix-valued non-commutative parameter ()
violates Lorentz invariance, it nevertheless can, however, be restored in some sense us-
ing twisted Hopf-algebra [203]. Furthermore, it was claimed in certain string theoretical
analysis [ [204] that the noncommutativity of space-time coordinates may give rise vi-
olation of both causality [205,206] and unitarity [207]. Subsequently, Doplicher [208]
and his collaborators have shown quite rigorously that it is indeed possible to construct
non-commutative field theories which are ultraviolet finite to all orders, and unitarity
is preserved. They pointed out that there were certain conceptual shortcoming in the
previous papers claiming such violations of unitarity. They, in particular, emphasized
that the evolution parameter should never be identified with the eigenvalues of the
operator valued time coordinate ().

The chapter is organized as follows: In section 4.1, we start from a time re-
parametrization invariant toy model of a non-relativistic system which however, does
not have a built-in and manifest with time re- parametrization symmetry. But, the
symmetry can be introduced by simple enlarging the configuration space, where we
treat both space and time as configuration space variables that evolve with respect to
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some new evolution parameter (7). We then obtain the Schédinger equation which is
consistent with our usual quantum mechanics where time behaves as a parameter. This
was basically inspired by a previous work by Deriglazov [209]. In section 4.2, we intro-
duce Moyal like non-commutative quantum space-time for the time re-parametrization
invariant system, where we adopt the Hilbert-Schmidt operator formulation to study
quantum mechanics on this space-time. Then, we provide a coherent state-based ap-
proach to extract an equivalent commutative Schodinger equation in section 4.3. Sec-
tion 4.4 has a detailed discussion on the time evolution of the Gaussian wave packet for
a free particle and in section 4.5, we proceed on to study the possible implicationS of
quantum space-time noncommutativity in the harmonic oscillator model. Section 4.6
deals with the modified rate of transition probability in time-dependent perturbation
theory. Finally, concluding remarks are made in Sec.4.7. There is one appendix; where
we have carried out a Dirac analysis to obtain a canonical type deformed space-time
algebra.

4.1 Time re-parametrization symmetry and quantum me-
chanics in (141) dimension

Let us start with a brief review of the time re-parametrization invariant form of the
action integral [211] for the (1+1) dimensional non-relativistic system, where both space
and time both are treated as a configuration space variables. Following Deriglazov et
al [209], we first consider the action of a non-relativistic particle in the presence of the
external potential (in general time-dependent) V(x,t) as

t2 1 2
S[a:(t)]:/t L <x,‘Z>; Lg>:§m @f) —V(a,t), (4.1)

1

where time (t) is the evolution parameter. However, this description is not symmetric in
space and time as is evident from the structure of the action (Eq. (4.5)) itself and is also
not invariant under time re-parametrization. But, we can introduce a new evolution
parameter 7 so that both the time and space coordinates can be parametrized as t = (1)
and z = x(7) and then treat both of them as configuration space variables [210] in an
enlarged configuration space. As such the parameter 7 can be taken to be an arbitrary
one, except that the function #(7) is just required to be a monotonically increasing
function of new evolution parameter 7. With this consideration, the above action
(integrated over the line element dr with Lagrangian L) can be re-written as

2 , 1 @
Slatr)t) = [ drLiwatd). L@t ) = gm ~ V(. Hr), (@2)
T1
where the over-head dot denotes a differentiation with respect to 7 i.e. t = %, T = g—f.
It can be easily verified that the above action (Eq. (4.2)]) is manifestly invariant under

the finite reparametrisations,:

T = 7'/(7'); (1) — 93/“(7'/) = (7). (4.3)
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Here we immediately note that z* transforms as scalars under one dimensional diffeo-
morphisms ( re-parametrization).

Therefore, the canonical conjugate momenta p;(7) and p,(7), corresponding to the
dynamical variables ¢(7) and z(7) are now given by

OLST) I dx
Py = —p. = =my=m <dt> (4.4)
and
8L(()T) 1 2 1 dz\ 2
e e (I (-3 I ()
, (4.5)
Dy _
=5 V(z,t)=—-H

2
where H = 2= + V/(x,t) is the Hamiltonian associated with the primitive Lagrangian
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This (Eq. (4.5)) indicates that this system is endowed with a primary constraint
¢ =pi+H~0. (4.6)

Following the nomenclature of Dirac [211,212], here ~ refers to the weak equality.

Expectedly, the Legendre transformed canonical Hamiltonian H[()T) corresponding
to Lagrangian L{) vanishes,

HY) = pii + poi — L) = 0. (4.7)
which is nothing but a manifestation of the re-parametrization invariance of (Eq. (4.2))).

4.1.1 Canonical Formulation: Dirac’s constraint analysis

At this stage, by exploiting the Legendre transformation we can rewrite the Lagrangian
in the first-order [214] canonical form as,

LY = pid + poi — e(r)6 = pyi" — e(r) (po + H), p1=0,1, (48)

where e(7) is an arbitrary Lagrange multiplier which enforces the constraint
and p, = (p¢, pe). It may be noted that we have used greek indices in both the super-
cripts and subscripts to denote the components of position and momentum respectively.
There is no non-trivial space-time metric. In contrast to the Lagrangian LE)T), the first

order form of the Lagrangian L;T) is simpler in the sense that it does not contain any
variables and its derivative(s) with respect to 7 in the denominator. Furthermore, here
the field e(7) transforms as a scalar density under 7 re-parametrization (7 — 7 (7)) as,

e(r) = ¢ (r) = (7

Je(7), (4.9)
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so that we can interpret e(7) as the einbein field on the world line.

For instance, we can reinterpret the dynamical variables z* and p, of the first
order action (Eq. (4.8)))as the configuration variables in an extended phase-space. The
canonical momentum conjugate to z#, p, and e are,

aL(T)
o= fo_ P
s OxH i
oLy’
= L =0
P APy
()
Te = aLJ,c =0.
0é
In the first-order formulation, it may be noted that none of the canonical momenta
involve velocities, and these have to be interpreted as primary constraints. These are

given by

O =m,~0 (4.10)
D=7, —pu=0 (4.11)
Y = 7k~ 0, (4.12)

Since non zero Poisson bracket exists only for canonical pairs
{a", 75} = &, (D7} =6, (4.13)

The Poisson brackets between among the constraints are given by

{(I)’ (I)} = {(I)’ (I)l,u} = {(I); (I)27M} =0 (4.14)
{@14, @1} =0 (4.15)
{®1p, 5} = =6, (4.16)
{(I)Z,IM (I)2,V} =0. (4.17)

Because the Poisson algebra of the primary constraints @, and @4 does not close,
they form a set of second class constraint. Accordingly the other constraint ® is con-
sidered as a first-class constraint. However, the set of second-class constraints can be
eliminated as shown later, through the introduction of Dirac brackets.

Since our system described in terms of a first-order Lagrangian (Eq. (4.8))), the
canonical Hamiltonian H¢o of the system can also be written as,

Heo = e(7)(pe + H). (4.18)

Following Dirac, the total Hamiltonian is a sum of canonical Hamiltonian and the
primary constraints with Lagrange multipliers:

Hp = e(T)(pt + H) + AP + )\1#(1)1’“ + )\2’“(1)121‘. (4.19)
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Now in order to obtain a theory where all constraints must hold for all times. Hence-
forth, one has to impose the time consistency of the constraint (Eq. (4.10)|) that leads
to the following secondary constraint

¢ ={Hr,me} =p+ H = 0. (4.20)

Clearly, there are no other secondary constraints. The second class constraint sector
®, ®9 is next eliminated by using Dirac brackets. The first step is to compute the
constraint matrix,

Dy, 01,1 {P1,, P}
Aa — { Ly &1, SH 2) 4.21
b ( {®h, @1, {®), P4} ( )
0 =9/
I
= <6’ﬁ/ 0 ) (4.22)

Now we can write the inverse of Ay, as (A™1)g, such that
0 4§
-1 _ L
(A Dap (_ 50 > (4.23)

satisfy Aab(A_l)bc = gc-
At this stage, we can compute the various Dirac brackets using the definition:

{fag}DB = {f7g} - {fa (I)a}(A_l)ab{(I)bag}a a,b=1,2. (4'24)

Thus the Dirac brackets among the dynamical variables are satisfy the following algebra

{zt, 2"} pp =0
{Pu,pv}pB =0 (4.25)
{=*,pv}pB = 0", p,v=0,1.

Since the primary first class constraint ® is the conjugate momentum corresponding
to the Lagrange multiplier e(7), it is not physically relevant. On the other hand, the
secondary constraint ¢ satisfy vanishing Dirac brackets with all primary constraints as,

{¢,0}pp = {0, ®}pp =0 (4.26)
{¢,®1,.}p = {0, P4} pB = 0. (4.27)

Accordingly the secondary constraint ¢ is a first-class and hence treated as a generator
of 7 re-parametrization transformation. For instance, this 7-evolution can be iden-
tified with an unfolding ”gauge transformation” [213|. I think that it will be worth
emphasizing that the analysis in this section is quite independent of the Hamiltonian/
Lagrangian one starts with. Particularly, the set of equations is not sen-
sitive to the structure of the Hamiltonian occurring in and also in the first

class constraint (Eq. (4.20))).
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4.1.2 Quantum theory: Commutative space-time picture

Now to formulate the quantum theory of the above model we must promoting all
the phase space variables (t,x,p:, p;) to the level of phase-space operators satisfying
Heisenberg algebra (in the unit i =1,¢ = 1):

6,8 = 0= [P, B, [Epe) =i = [2,7.]. (4.28)

We then look for an appropriate Hilbert space on which these operators act and furnish
a unitary representation of this algebra. The configuration space is now L%(R?). We
now introduce the simultaneous “spatio-temporal” eigenbasis |t, ) of the commutating
operators t and Z satisfying

tt,z) =t|t,z), Z|t,x)=zxltz). (4.29)
A completeness and orthonormality relations read:

/dtdx It,z) (t, 2| =1, <t, xyt’,g;’> =5t — 1oz — ). (4.30)

The coordinate representations of phase space operators are given by

(@, t| &) = a (a, t]) , (x, t]i[e) =t (x, t])
<$’t|ﬁx|¢> = —i0, <$vt|¢> ) <x’t‘ﬁt|¢> = —i0y <$7t’¢>

where ¢ (z,t) = (t,z|¢)) € L?(R?) and can be formally identified with the state function
satisfying the following norm:

(4.31)

(WY|y) = /dtdac ¥ (z, t)(x,t) < oo. (4.32)

In order to obtain a correct probabilistic interpretation of non-relativistic quantum
mechanics, we consider a physical Hilbert space which is the vector space obtained by all
possible linear superposition of physical states. Mathematically, this can be identified
by projecting out physical states (]i; phy)) by imposing the subsidiary condition

¢ |5 phy) = (P + H) [1; phy) = 0. (4.33)

where gﬁ is the operator form of the first class constraint. This is tantamount to de-
manding the gauge invariance nature of physical states.

The coordinate representation of quantum constraint equation (Eq. (4.33)]) readily
yields the time evolution of the physical states or wave-functions (< ¢, xz[; phy >:=
¢ph(‘r’ t)) as

.0 1 92
g t(ot) = (=g + V() ) o) (1.39)

which will be recognized as the time-dependent Schrodinger equation. Note that it is
independent of the parameter 7, as its 7-evolution is frozen, as can be easily observed
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by using (Eq. (4.7){Eq. (4.33)]).

Now to look at the probabilistic interpretation we recall that the continuity equation
corresponding to the Schédinger equation is given by

ot or

0 (4.35)

with p = o3, (2, 1) Ypn(z,t) and Jp = L Im( on(@:1)0zpn (2, ). Correspondingly, after
performing a spatial integration in both side of (Eq. (4.35)) ranging from -co to +o0o

we can write,
[0.9] o0
at/ pdx = —/ (0pJg)dx =0 (4.36)
—00 —00
where we have used the fact that our physical wave-function ¢y (z,t) — 0 as x — £o0.
Thereby the nonnegative p is interpreted as a probability density and this notion of
physical state on a ”space-like surface” indicates the conservation of the total probabil-
ity ffooo pdz. From the expression of the continuity equation , the variable
t can be identified as the evolution parameter and we argue that for ¥, (z,t) to be well
behaved it has to satisfy the following condition at a constant time slice as

o0

Wiphyluiphg) = [ do vy (o 0(a.t) < oo (437)
—0o0

Thus the physical states satisfying (Eq. (4.34))) cannot be elements of the Hilbert
space of square integrable wave-functions (¥, (z,t)) belonging to L*(R?). We shall,
however, restrict our attention to physical states and we shall henceforth simply write it
as ¥ (xz,t) for brevity and put in the subscript p as and when necessary. More precisely,
the probabilistic notion in quantum mechanics is then recovered by replacing the inner-
product

(] = / dtdz v (@, )b(x, 1), (4.38)

by the one, which involves only a spatial integration at a constant time slice:

(W6}, = /t da " (z, )b, 1), (4.39)

We shall refer this as “induced inner product”. Clearly, any normalizable states

with L?(R!) inner product may not be so with respect to that of L?(R?)
: L?*(R?) c L*(R'). As an illustration, we may consider a stationary state
like ¢(z,t) = e *F'¢(x). Finally, note that the self-adjoint property of the derivative
representation of p; = —id; in does not hold anymore in the Hilbert space
L?(R') with associated inner product, as it is impossible to demand that | 1 (z,t) |[— 0
as | t |— oco. In contrast, in L?(R?), this would have allowed one to carry out integration
by parts and drop boundary contribution. Indeed, this is deeply related to the original
Pauli’s objection [188] in regard to the elevation of (f, ﬁt) to the level of operators.
His arguments were very simple, which we can recall here very briefly. Considering an
energy eigenstate |E) satisfying p; |E) = —H |E) = —E |E) , the state € |E) too will
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be an eigenstate |E — «) with energy eigenvalue (F — «), where « is an arbitrary real
parameter, allowing the spectrum of the system Hamiltonian H to have the support
which forms a continuum with values in the entire range (—o0, 00). Particularly, this is
in direct contradiction with the existence of systems where energy is positive definite
or at least bounded from below. Of course, there were some investigation to evade this
problem [193], but, we are not going to pursue our analysis in those directions. Rather,
we shall follow the conventional method, where p; is now excluded from the dynam-
ical phase-space variables, along with ¢. The latter, when ‘demoted’ to a c-number
parameter, is now identified with the new evolution parameter with (—id;) having no
association with p; anymore, so that has now the status of a postulate.

4.2 Quantum space-time: Non-commutative picture

In section 4.1, we observed that the first-order action is endowed with many variables
(2, ps, t, pt, €) that allow more freedom for theoretical interest. Also, it has been pointed
out in chapter 2 that the symplectic first-order Lagrangian with Chern-
Simon term in momentum space can generate a non-canonical symplectic structure
between spatial components. Therefore, from this experience we can add a momentum
space Chern-Simon like term in to obtain a non-commutative generalization
of the space-time structure as following:

T . 0 . .
L(g ) — pudt + 56“ puby —e(T)(pe + H) (4.40)

where 6 is turned out to be the constant noncommutativity parameter for the variables

z#. Namely, the system LéT) has the same number of physical degrees of freedom as the

initial system L") and quasi invariant under re-parametrization. Since the Lagrangian
is first order , following Dirac’s algorithm (see Appendix), one can easily
observe that there are only two first-class constraints as 7. ~ 0 and ® = p; + H ~ 0.
However, the second class sector can be taken into account by the use of Dirac brackets.

Thus, one finds, the following relevant Dirac brackets among the configuration space
variables

{t,x}DB :9, {typt}DB =1= {Jj,pm}DB. (4.41)
So we can see that the non-commutative nature of configuration space emerges very
naturally from a constrained classical system. Note that this is shown just to moti-
vate the appearance of non-commutativity between space-time coordinates naturally at
the classical level before setting up a quantum mechanical description of the quantum
space-time.

4.2.1 Quantum theory: The quantum Hilbert space

In order to provide a description for the non-relativistic quantum mechanics in quantum

space-time, we will elevate the classical Dirac brackets (Eq. (4.41)) to the level of
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commutation brackets as given below,
[t,z] =10 (4.42)
with 6 being the non-commutative parameter, along with
[be, D) = 0, [t, 5] =i = [2, Pa)- (4.43)

We have considered & = 1, ¢ = 1 throughout this chapter. (Eq. (4.42)) and (Eq. (4.43)))
as a whole represents the non-commutative Heisenberg algebra (NCHA).

The representation non-commutative space-time algebra in (Eq. (4.42))) is furnished
by a Hilbert space H,:

M, = Span {|n) _ Oy o T } (4.44)

Vn!

Let us denote an arbitrary associative operator algebra (Ag) acting on the config-

uration space H. (Eq. (4.44))) as

As ={|%) =) cnmlm)(n| = (L, 2)} (4.45)

which is basically the set of any polynomial in # and #. At this stage one should also
note that the elements of H,. and Ay are denoted by |.) and |.) respectively.

A subset of (Eq. (4.45)) is the set of the ‘Hilbert Schmidt’ (HS) operators, with
finite HS norm, acting on H. (Eq. (4.44)), given by,

Hy = Span {¢(f, 2) =) € B(He); ||[¥|lms = \/tra. (i) < oo} , (4.46)

where tr. indicates the trace over non commutative space-time configuration space
and B(H.) C Ay is a set of bounded operators on H.. If this set equipped with the
trace inner product, then this space forms a Hilbert space. We define the quantum
space-time coordinate and corresponding conjugate momentum operators to act on an
element |1(f, #) € H, as follows,

Tl) =tv(i,2), Xv) =av(i, o),
Bilv) = 5l w(E, )], Pult) = — 5lhs(d, )] (1.47)

Note that here T, X , P, and P, are used to distinguish their domain of action from the
space time coordinate operators (£ and &) acting on configuration space H,. Here the
position operator acts by left multiplication and the momentum ad-jointly on H,. It is
easily verified using (Eq. (4.47)) that (T, X, P, P,) satisfies the same non-commutative
Heisenberg algebra (Eq. (4.42)[Eq. (4.43))). These new-fashioned operators are known
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as super operators as they operate on operators. In fact, they can act on Ay.

However, we can also define a set of right-acting operators {X = (TR,X Rr)} on
Hy:

Tr(t,2) = o(t, 2)t, Xr(f,2) = ¥(f, 1)1, (4.48)
satisfying the commutation [TR, X r] = —i6. Accordingly the action of the momentum

operators may be rewritten as

® PN 1 U %% PN
P (t, &) = ge;w[XL — Xglp(t, 2); pv=0,1 (4.49)

where €, is the antisymmetric Levi-Civita symbol.

4.3 Recovery of effective commutative theory

Now it is clear that in view of 8 # 0, we cannot find a counterpart of the common
space-time eigenstate |x,t) (Eq. (4.29)). However, we can recover an effective commu-
tative theory using the coherent state approach as we have already discussed in chap.2.
In terms of this Fock basis, we may define a set of coherent states belonging to H.

(Eq (4.40)) as
|2) = e~ |0y € 34, (4.50)

which is an eigen state of the anihilation operator : b|z) = z|z), where b = tj% and

z is dimensionless complex number which is given by,
t+ix
z =
V20

Here t and x are effective commutative coordinate variables. We can now construct

another coherent state (operator) in H, (Eq. (4.46)) made out of the bases |z) = |t, x)
by taking their outer product as

(4.51)

|z,2) = |2) = |2)(2| = V270 |x,t) € H, following B|z) = z|z) (4.52)
where |z,t) is a dimension-full basis, and the annihilation operator B = T\Z% is a

representation of the operator b in H, (Eq. (4.46)). It can also be checked that the

basis |z, Z) = |z) satisfies the over-completeness property:
A2z B
7|z,z) *xy (22| = [ dtdx |z, t) *y (z,t| = 1, (4.53)

where the product *y is given by,

— i . =
wy = 00 = BB, G 01 O =tal=u =1 (4.54)
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Then the coherent state representation of an abstract wave-function symbolized as
(L, ) gives the usual coordinate representation of a state just like formal quantum
mechanics.

Ulet) = (200 D) = et ) D] = (@Dl (459)

The corresponding representation of a composite operator say (&, £)¢(, ) is given
by composing the representation of the respective operators through Voros star product
given as following,

(2[(2,1)d(2,8) = (2|0 (@, D) *v (2](2, 7)) (4.56)

Of course, we shall show that with this product probability density is positive definite.
The basis |z, z) referred as Voros basis in the literature [48] is compatible with POVM
(positive operator-valued measure) [215] in contrast to Moyal basis which is associated
with a similar kind of star product named as Moyal star product [48].

However, since the momenta components P, and B still commutes, it is possible
to define joint eigenstate |p, F), satisfying,

P;E]p, E)=plp, E), Pt]p, E)=—-E|p,E). (4.57)

Indeed, it can be easily checked that the following state in the quantum Hilbert space

satisfies this equation.
0
[P, ) = \[ e (4.58)

The overlap of a states |z, t) with this momentum state is

([L‘, t|p7 E) = \/2170(Z|p, E) = %6—%(E2+p2)e—i(Et—pm). (459)
T

Hence, it is now quite straight forward to see the orthonormality and completeness
relation takes the following form:

(0. B, E') = 6(p — p)5(E — E); / dpdE |p, E)(p, E| =1, (4.60)

Now, using (Eq. (4.53)|) the overlap of two arbitrary states (|¢), |¢)) in the quantum

Hilbert space can be written in the form

(616) = [ dtdo v (2.8) v 6(2,1) (461)
Also note that the overlap of the basis |x,t) and its primed counterpart is given by

' (@) [ ER P
(@, ) = o) 27h i

\/é(t, - t)é\/g(:v' — iL’) (462)
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where

1 22
do(z) = - 27refﬁ ; /dm do(z) =1 (4.63)

It may be noted that the (5\/§(t’ — )6 52" — m)) - as a whole, plays the role of

Dirac’s d-distribution in our non-commutative space-time, provided they are composed
with the Voros star product. This can be seen quite transparently from the derivation

of the following identity, by making use of (Eq. (4.59))

[t (3,0t = £)8 gl — ) )t () =6 (@.8) < last) = (o) = [ dEdp (w,t]E.p)(E,pi0)
(4.64)

where it is essential to retain both § 5(t) and §, () together. This, in turn, can be

seen easily by making use of the identity :

/dt’da:’ o5t — t') o gz — z') %y, ¢ B =pr) — o—i(Bt=pe) (4.65)

Here %, indicates that the relevant higher-order derivatives involve ¢’ and 2’. Be-
sides, to recover effective usual commutative theory with proper probabilistic inter-
pretations of quantum mechanics we recall Pauli’s objection and exclude ‘¢’ and ‘p;’
from the dynamical variables. This, however, does not indicate that ¢ is no longer an
operator; it still satisfies the commutation [f, #] =6, but the pair of canonical commu-
tators involving time and its translation generator p; in (Eq. (4.43)) are disregarded.

Particularly, the operator %ad:ﬁ can not be identified with the unitary representation

of time translation generator P;. On the other hand, eiod generates space translation
in H,. in the sense that its action on an eigenstate |a) of Z, satisfying z|a) = ala) yields

a shifted eigenstate of the position operator & as & (eiaf\a) = (a+ ab) (eiaf\a) , SO

that we may with impunity write ei®t|q) = |a + af). Thus its outer product will be
la)(a| = e*t|a + af)(a + a9|e‘mt In its infinitesimal version, we will be recognized as
the P, is equivalent to (—f) adt, as it occurs in Therefore, finally again
in non-commutative quantum mechanics the Schrodmger equatlon has the status of a
postulate. We have more to say on this point in the sequel. Note that we will regard the
coherent state basis |z, t) as “quasi-orthonormal bases”, as Gaussian function
are often considered some kind of “regularised Dirac’s d-distribution function”, in the
sense that d,(z) — d(z) as 0 — 0. It is quite clear at this stage that all these expres-
sions of the previous section i.e. their commutative counterparts are reproduced in the
limit § — 0.

4.3.1 Schodinger equation and an induced inner product

To obtain the effective commutative Schédinger equation, we introduce coordinate (co-
herent state) representation of the phase space operators, which will be useful to con-
struct this. As we know that for space-time super operators operators have both left
and right actions on H, as well as on Ag. Thus the coherent state representation of
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space-time operators {X L, TL}, acting on any arbitrary state |V) € Ay, can be written
as,

(2, 4| X, (3, 6)) = \/2%(2, 50 = \/2170 (212]2) %y (2, 2|0 (2, 7)) (4.66)
Finally making use the fact of this readily yields
(z,t| X1 U(2,1)) = Xg (2, t|0(2, 1) = Xp U(x, 1) (4.67)
with
XF=Xy= [x + g(ax — i@t)] . (4.68)

Proceeding exactly in the same way, we obtain the representation of 77, as
L _ 4 :
Ty =Ty = |t+ §(@t +i0,)| - (4.69)

Now, for a pair of different states [¢1), |¢)2) € H, and their coherent state repre-
sentations, by exploiting associativity of Voros star product, it is trivial to prove the
self-adjointness property of both XQL and T(,L , w.r.t. the inner product . We
also note that since this analysis will not involve any integration by parts i.e. it will not
depends on the integration measure, this self-adjointness property of Xé* and T(,L will
continue to persist for the ‘induced’ inner product (see Appendix B) as well.

The corresponding expressions for right acting operators {X R, TR} are obtained as
follows

0 0
Xt = [:c + 5(8m + i@t)} cTh = [t + 5(@ — i@x)] . (4.70)
We, however, proceed to develop the coherent state representational adjoint action of

momenta operators in (Eq. (4.49))) which are essentially given by the difference of the
left and right actions as,

P (z,1) = %(XL — XR)U(&,1); PY(&,1) = _E(TL — TR)¥(&,1). (4.71)

The overlap with |z,t) allows us to write
(o B3, B)) = —i0 (1) 5 (@t Bab(in D) = —i0ub(at)  (472)

Since our non-commutative theory (Eq. (4.40)|) is endowed with a secondary first-

class constraint (see Appendix) ® ~ 0 (Eq. (4.146)|), we must consider the role of this
first-class constraint as an operator representation to complete our construction. Thus,

in order to obtain an effective commutative Schodinger equation in non-commutative
space-time we must project onto the set of states |V, phy) = U, (z, t) for which

(P + H)|W, phy) = 0 (4.73)
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A~ D2 A~ ~ A
where H = %—FV(X, T') and we will see W,,,(Z,1) is an element of the set S (Eq. (4.45))).
We are now ready to write down the time dependent Schrédinger equation in quantum
space-time by taking the representation in |x,t) basis as

(,t|P; + H|W; phy) = 0

1
= 10,V (x,t) = —%8§+V(x,t)*v U, (x,t) (4.74)

Taking complex conjugate of the equation we get

—i0 U3, (t,2) = —%ag (@) + U2, )"y V(t,2). (4.75)
Now using (Eq. (4.74))) and (Eq. (4.75))) one therefore obtain the continuity equation
Bipy = —0y J2 (4.76)

where

po = Vo (x,t) *v Ypp(z,t),
o (Wi v (@00) — (0.035) % W] (4.77)
After taking a spatial intigration in both side of ranging from -oo to +o0o

we can write,

i =

o / pods = — / (0 J9)dz =0 (4.78)

where we have used the fact of W,y (z,t), = 0 as  — oo i.e. ¥pp(x,t) is well behaved,
then right hand side of the above equation becomes zero giving the conservation of
the total probability ffooo ppdx whereby we can write pg(z,t) in a manifestly positive
definite form

1

1 &1
z,t) = U (2, t)*xy Upp(2,t) = —U%, (2, 2)xyUpp(2,2) = —— — |07 z,2)2 > 0.
pa( ) ph( ) |4 ph( ) \/ﬁ Ph( ) |4 Ph( ) \/ﬁnz:on“ wph( )’

T

(4.79)
In view of the non-negative condition (Eq. (4.79)) pg(x,t) can indeed be interpreted
as probability density for a particular time. From the expression of the continuity
equation , the variable ¢ can be identified as the evolution parameter and
we argue that for Wy, (x,t) to be well behaved it has to satisfy the following condition
at a constant time slice.

[e.e]

(¥; phy|V; phy): = / dx Wy (z,t) %y Wpp(z,t) < oo. (4.80)

This implies that ¥,p(z,t) € L?(R')) and does not belong to L?(R?). Here, of course,
we need to emphasize that here ¢ should not be identified as coordinate time i.e. as an
the eigenvalue of ¢, and more precisely, this is a coherent state expectation value:

t=<zl|t|z > xz=<z2|2z>. (4.81)
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Since the physical states satisfying the Schrodinger’s equation are normalizable with
respect to the inner product of L?(R'). This imposition is clearly indicates that the
physical states W, (Z, t) should belong to a suitable subspace of S (Eq. (4.45))) but not
its constrained subspace H,, in which the norm is given by the inner product defined

for 12(R?) (Eq. (161).

Further observe that one can introduce
T = /dw |z, t) %y (z,t, (4.82)
t

and the product (Eq. (4.80) can be re-written as

o0

(U; phy|m|V; phy) = / dx Vo, (2, ) %y Wpn(z,1). (4.83)

Thus the induced inner product [216.[217] for physical Hilbert space is defined by

(\I/;phy|7rt]\1f/;phy) = / dx W (7,t) v \I/;h(x,t). (4.84)

This is an appropriate inner product for physical states. However, it may be noted

that (Eq. (4.82))) satisfies only approximately a modified version of projection operator
identity for leading approximation of 6 :

T & Ty 6 st —t) (4.85)

This indicates that any pair of projection operators m; and m 5 separated by a time
interval §t need not be exactly orthogonal.

Now in order to obtain stationary physical states for a time independent one
dimensional bound system (V(&,f) = V(Z)) we consider the completeness relation
(Eq. (4.60))) satisfied by the basis |p, F), and introduce the projector:

Pr = /dp Ip, E)(p, E| ; PrPg=Pgd(E —E) (4.86)

where E will be identified with the eigenvalue of the Hamiltonian in a moment.
Using this projection operator Pg we can define the projected state vector |¢)g =
Pr|v) and eventually its coherent state representation :

W@wzmwwz/@wmﬂmﬂwzV;/@amwmﬂ@%ﬂww

(4.87)
where we define ¥g(p) = \/%(p,EW)). States like |¢)) g span a physical Hilbert space

in (Eq_(4.45)) -
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We now compute the norm a projected states |¢))r by making use of (Eq. (4.87)))
to get

_0p2
s E

e / . . ,
/ dtdz Py(x, ) xvp(e,t) = / dtdadpdp e~ 3P H%) g (D) p(p) <el(Et—m’> xy e (P “»‘>)
(4.88)
A short calculation shows that ‘¢’-dependence cancels out even in the presence of
Voros star product, yielding a non-convergent integral which can be written in another

equivalent form, where the z-integration is replaced by p-integration :

/ dtde (. t) xy bl t) = / dtdp 3y (p) 61(p) (4.89)

However, since t should no longer be counted as a dynamical variable, thus we should

actually compute the norm using the “induced” inner product (Eq. (4.84)) only i.e,
excluding the t-integration and retain only the convergent integral over x or p :

(belop), = / d i (z, £) % (e, 1) = / dp () ¥ (p) (4.90)

where the presence of ‘¢’ at the bottom of the integral sign implies that the integration
has to be accomplished in a constant t-surface. We finally remark that ,
upon normalization, can be considered as the non-commutative extension of Parseval’s
theorem. And it is also understood that |¢)) g no longer be an element of H, as for the
case of physical states.

Moreover, it can be checked that ¥ g(x,t) (Eq. (4.87)|) satisfies the following effective
time-independent Schrédinger equation for time-independent potential V() :

L 82¢E(.%', t)

EwE(xat):_2m Ox2

+ V(z)xy ¥p(z,t) (4.91)
where E can be identified with the energy eigenvalues of the bound states. With all
these formal aspects of our formalism in place, we can now investigate its application
to some dynamical systems. In the next section, we begin with an investigation of
free particle and later we study the behavior of a particle under the simple harmonic
potential.

4.4 Free particle wave packet in the noncommutative space-
time

In this section our intention is to introduce a Gaussian wave packet for a free particle
moving under the hamiltonian,

. P2

H=-= (4.92)

2m
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and study the possible effect of noncommutativity that can be observed in its time
evolution. Let us define a projection operator ps . as

2
ﬁfree = /dE(S(E_ Ep)PE§ E, = 2])7m (493)

where we have used the fact of “on-shell” implementation of a non-relativistic free par-
ticle dispersion relation for each momentum component, through the inclusion of an

appropriate delta function in (Eq. (4.60)). This allows us to project states (at least
those lying in .S) onto the states lying in the space of physical states |¥; phy) (solution

of the Schodinger equation corresponding to the free particle).

Thus the action of pfree On a generic state |¢), such as |¢) € S is then given by,
W) - ’\I/;phy) - ﬁfree|¢) = /dp TP(I% Ep) ‘p7 Ep) ; ¢(p, Ep) = (p7 Ep‘\I/), (4-94)

where the above operator p (Eq. (4.94)|) too satisfies the property of a projection op-
erator with respect to the induced inner product (Eq. (4.84))):

pAfree Tt ﬁfree = ﬁfreea (495)
this in turn implies that
(Pgree)m|V; phy) = |¥; phy); (4.96)

i.e., Pfree acts as the identity in the space for physical states |¥;phy) equipped with

the induced inner product (Eq. (4.84))).

It can be easily checked that the physical states (|¥;phy)) are projected out by

imposing the operatorial counterpart of the constraint (® = p; + 5—;‘1 ~0):

. T
Q|U; phy)=0; =P+ =2, (4.97)
2m

which leads to the Schodinger equation for free particle in a natural way.

Now, we can compute the induced overlap between two on-shell states |p, E,) and
‘pl7 Ep/) a‘S7

, 1
(W Eplp. Bp), = (0, Eylp, ) = / da (pf, Eyle, t) x (z,tp, Ep) = 5-0(p" = p) (4.98)
t

where we have used the fact of “quasi-projection operator” (Eq. (4.82))) and (Eq. (4.59)).
And this indicates that the “on shell” states form orthonormal basis, provided we make
use of the aforesaid induced inner product.
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The coherent state representation of |¥; phy) (Eq. (4.94))) corresponding to (Eq. (4.100)))
then yields

Up(z,t) = (z,t|¥; phy) = /dp (, t|p, Ep) (p; Eplv) (4.99)

We now consider a Gaussian wave function for the free particle in momentum space

as:
(p, EplY) =(p, Ep) = ;ﬁ e 2 (4.100)

Thus the coherent state representation of wave-packet yields

1/2 opt ) 2 0 t
dp 6*16212 —Ap?+ipz A= 7 + - +¢— ] 1is a constant
2 4 2m

g
U(z,t) = (z,t|¥; phy) = 27571

(4.101)

If only first order in 6 deformations (O(#)) are considered, then one can show that
U(z,t) can be recast in the following simple-looking form,
o «?

S 40 f(m )] e (4.102)

U(z,t) ~ S\

where, the function f(x;\) is

1 3 3z2 x?
J@: ) = {62 <_4)\2 e 16/\4>

exhibiting a deviation in the functional form, away from Gaussian shape in coordinate
space. The #-deformation then appears both in the exponential factor as well as in the
amplitude. This clearly demonstrate that the width d of the deformed Gaussian term
at a later time ¢ gets enhanced due to noncommutativity:

d=+2|X|= <02+g>2+ <;>2r (4.103)

This further indicates that even for an infinite spread in the Gaussian wave packet
(Eq. (4.100)) in the momentum space (¢ — 0), and the spread in coordinate space x

cannot be squeezed bellow the length scale ~ \/g .

4.5 Schrodinger equation and energy spectra of harmonic
oscillator

In this section, we start by considering the operatorial version of the Schrédinger
equation (Eq. (4.73)]) for the time-independent harmonic oscillator potential V(X) =
1, 2%2

ymw* X

[Py + H]|W; phy) .o = O, (4.104)
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A H2 A~
where H = L= + %mwQX 2 and |¥;phy)mo be a physical states corresponding to

2m
the harmonic oscillator system. Now the coherent state representation of the above

equation (Eq. (4.105)|) yields

0 1 02
Ry Sy S
ot mo(@,t) = | 2m 0%z

where we have used the simpler notation (z, t|V; phy)g.o = Yy.o(x,t) for brevity.

+ V(Xo)|¥n.o(z,1) (4.105)

Introducing a twist operator (not unitary)
S = e1(07+00) ~ig0ide (4.106)

and after some algebra, we should recognize that the space-time coordinate represen-

tation Xy (Eq. (4.68))) and Ty (Eq. (4.69)) can be put into another simpler form

Xg=a2+ g(ax —i9y) = SzS7Y (4.107)

Ty=t+ g(at +i0,) = STt(ST) 1 (4.108)

respectively.
Now, for time independent potential V' (Xpy), it is straightforward to show that

V(Xg) = V(SzS™1) = SV(x)S! (4.109)

Using the relation (Eq. (4.107)) and (Eq. (4.109))) we can show the above Schédinger
equation (Eq. (4.105)|) can be rewritten as

i We(2,t) = [~ o— = + —mw?z?]| . (z, 1), (4.110)
with
U(2,t) = S Uy o(a,t), (4.111)

where W, (z,t) stands for the wave-function in commutative space-time. Thus (Eq. (4.110))
is nothing but a time-dependent Schoédinger equation for a one-dimensional harmonic
oscillator that lives in usual space-time.

Of particular interest are the stationary states, viz. eigenstates of the Hamiltonian
operator, which will obey the so called time independent Schédinger equation:

104 We(2,t) = [~ o— =5 + —mw?z?|U.(2,t) = BV (z,1) (4.112)

Following the usual approach, we now introduce the annihilation and creation op-
erators as

(mwz + Q) ;b = (mwz — 2) : [b,01] =1 (4.113)

b=
2mw Ox 2mw oz
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In terms of these operators we can re-write the above equation (Eq. (4.112)) as
1
w <bTb + 2) U, (z,t) = BV (x,1) (4.114)

Since the operator bfb are number operator with non-negative integers, and accord-
ingly, the eigenvalues of the operator on the left-hand side of the (Eq. (4.114)]) are
E, = w(n+3). Henceforth, the exactly solvable harmonic oscillator model (Eq. (4.110))
in commutative space-time implies that the corresponding model (Eq. (4.105)) in non-
commutative space-time is also exactly solvable, and vice versa. In fact, our models

(Eq. (4.105)) and (Eq. (4.110)) in non-commutative and commutative spaces, respec-

tively, share the same set of energy eigenvalues and their eigenstates relate to each

other by the relation (Eq. (4.111))).

The above discussions demonstrate that as long as the explicit # dependence does
not show up in the energy spectrum, it will be encoded only in the stationary state
wave-functions of harmonic oscillator [Eq. (4.105)[ in non-commutative space-time. To

clarify this point explicitly, let us start by considering \Ilgo) (z,t), the ground state wave

function of (Eq. (4.112)) with energy Ej, satisfying the condition b\I/go)(:U, t) = 0. Thus
the time evolution of the un-normalized ground state wave-function factorizes as

mwz? p2

TO) (g, ¢) = e~ "5 ¢ iF0t :/ dp gO(p) ¢®==EoD)  with ¢ (p) = e 2ms (4.115)

where ¢%(p) is a corresponding un-normalized wave-function in momentum space.

However, the corresponding ground state wave function in non commutative space

(0)

time i.e. in the coherent state representation (¥}, (z,t)) can be easily obtained by

making use of (Eq. (4.106))) and (Eq. (4.111))) to get the following form of un-normalised
ground state wave function (normalizable with respect to the inner product (Eq. (4.84))):

[<z6§ q

- . o 1

7O () = §10O) (4. 4) = S P T S 4.11
molr,t) =8 (z,t)=e e V0 =5 (4.116)

displays energy (Fp) dependent shift in the origin towards the right side and a mod-
ified width oy which is a manifestation of a breakdown of parity invariance. Clearly,
this bear a resemblance to the form of the ground state wave function in commutative
space-time quantum mechanics W9(z,t), except for the f-deformation in the width o.
With 8 — 0, one gets back the familiar commutative form of the un-normalized ground

state wave function (Eq. (4.115))).

Now we can compute the probability density factor pg using (Eq. (4.77)) and inte-
grate it over only x to set it to unity. Thus, with the correct normalization factor, we

obtain

1 | et 2 )
po(x) = e [ 209 } Gt =20 [1+ ] (4.117)

Go/ 2T ’
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One can recast in a simpler form, using (Eq. (4.63)) as,
po(x) = dg, (x — OEp) (4.118)

It may be noted the probability density-independent of time and positive definite.
We can now study the effect of infinitely large confining potential, by considering the
limit w — oo in presence of nonzero noncommutativity (6 # 0). In this limit, 6y — /6,
preventing the squeezing of the wave-packet in a region < v/#. This is a purely a
nontrivial effect of noncommutativity as the inherent noncommutativity in space-time
provides a natural impenetrable barrier and does not allow for localization to a sharply
defined point. Thus the probability density p(x) at some point z will have contribu-
tions from the vicinity and points from the finite, however small, region around that
point. In a certain sense, noncommutativity therefore thus essentially introduces a
non-locality within the theory, where the notion of a point particle, it seems, has got
to be necessarily replaced by some extended object of a ‘cloud’ A similar situation was
observed also in the context of spatial noncommutativity [81].

Interestingly, if we takes limit both the limit w — oo and | 6 |— 0, in such a way
that their product is a finite constant: w | v |— finite constant, then p(z) — 6(z),
as one can expect in the commutative limit. One should note that the the non-local
features appear for both the ground state wave function and also in the

expression of the probability density (Eq. (4.117)). One can thus expect the effect of
noncommutativity to show up through non-local behaviours in some measurable quan-

tities or observables .

4.6 Transition probability in presence of space-time non-
commutativity

In this section, we intend to investigate the modification due to the presence of space-
time noncommutativity, if any, in the rate of transition probability amplitude of a
system when it undergoes a transition from a given initial stationary state to a par-
ticular final stationary state. For this study let us first remember what we did for the
case of ordinary time dependent quantum mechanics, described by a Hamiltonian Hy
and satisfies time independent Schrodinger equation as

Hol)n = Eplt)n. (4.119)

These stationary eigenstates [v),, evolve in time as

V() = e~ Frt|)y,. (4.120)

Now if we switch on a perturbation say V' (t) then its time evolution will be governed
by the Hamiltonian H = Hy+ V' (¢) satisfying time dependent Schrédinger equation as

0

HIp(0) = i (), (4.121)
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We work with the ansatz for the perturbed state-vectors [1(t)) = 3 Cy(t)e"Ent|y),
where the coefficients C,(t) are themselves explicitly time dependent.

In our non-commutative case, for physical states the above equation (Eq. (4.121))
can be rewritten as

Ho|V; phy) + V (£)|¥; phy) = —P;|¥; phy). (4.122)

Now using coherent state basis (Eq. (4.52)]), above equation will take the following form

as

8
(z, t|Ho|¥; phy) + (x,t|V ()| V; phy) = i

t|U; ph 4.123
o (119 phy), (4.123)

or equivalently,
H@(Px, X@) \prh(flf, t) + V(T@) \I'ph(x, t) = iat\I/ph(SZ}, t). (4.124)

Let us now consider a generic non-stationary physical state which satisfies the above
Schrodinger equation and may be expanded as

W, (, t) ZC t)e " Ent (™) (1 0) (4.125)

with Hy(Py, X)¢"™ (x;0) = E,¢™ (z; ). Here the subscript n implies to their associ-
ation with the n —th energy levels E,,. Now we should insert the expression of ¥,(x,t)
in the above Schrodinger equation (Eq. (4.124)) and solve with the initial condition
C(t = 0) = 0, (as the system is in the initial state ¢()(z;6) at t = 0). Proceeding
thus we have

> iCu(t) e Frigy (x;0) + ZE Co(t) e e, (z;0)

n

= Z HO Py, X@) Cn(t) e_ZEnt¢n(x; 9) + Z V(T0> Cn(t) e_iEnt¢n(x; 9)

(4.126)
Simplifying,
> iCn(t) e Frigy (x) Zv Ty) Cu(t) e Entep, (2). (4.127)
Now using (Eq. (4.108)|) we obtain
> iChe o™ (;0) = > STV ()(ST) T Cu(t)e Pt (2 0) (4.128)

where we have merely used the fact that V(ST¢(ST)~1) = STV (¢)(ST)~!

If the time-dependent perturbation V() is weak then C,for n # i will also be small
(slowly varying function of time) and its higher-order time derivative can be disregarded
to calculate the rate of transition probability. At this stage, it is important to observe
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that the coherent state representation of any bound stationary states (e ~“£nt¢(™) (z;0))

in non-commutative space-time is related to the stationary states (e_iE”thgn) (z)) of
the corresponding model in commutative space-time through the non-unitary operator

(Eq- (2.106)):

TG () = 57 e Pt ()] (4129)
Now, after some algebra, the above equation (Eq. (4.128)|) may be rewritten as
> iCy e gl (z Z O ~1) g7 Ent () (g), (4.130)
Therefore
> iCu(t) e gl (a Z C(t) V(ULU™Y) e Ent () (), (4.131)

n

with U = €929 All information about space-time noncommutativity may be encoded
into this unitary operator U.

Finally, after using the Hadamard lemma, we arrive at

> iCh(t) e Frtglm (x) Zo V(t 4 i08,) e Ertp( (1), (4.132)

n

Using a Taylor expansion up-to first order in 6 (as 6 is taken to be very small and
the perturbation is also weak), we can write,

Z ZCn( ) —iEnt (b(n Z V —iEnt¢£n) ($)

n

V() " (4.133)
_ TN —iFEnt 1 (n 2
! ;cz(t) S (—i0n) P (1) + O(6%)
Now taking the scalar product with the e*£mt ¢:(m) (z) we arrive at
0= 3 Gty BB [ da @) Vi) o) (a)
" (4.134)

0 ; oV (t
520 [ 62w T8 o) 4 )

Since the right-hand side of the above equation has a matrix element
of Vand it suffices to retain the term C;(t) there and for weak perturbation V(¢) the
coefficient C;(t) are approximately same as C;(t = 0) and C; too in this order of
approximation is 1, then lowest contributing order is given by

(1) = P < gV (000 > ~ o D Cinle)) (a13s)
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Therefore if the system undergoes transition in time 7', then for initial state |¢£i)> and
final state ]gb,(;f )>, we have

r . , 0 oV ,
C(T) =~ —i /0 dt ¢/ Fs = Fn)t [< SV DI > — (ol Haf)(—z'ax)w&%] (4.136)

and the transition probability for the transition i — f is

T
Probyes =| Co(T) =] [ et | < oW @160 > 5 o g (il P
0

(4.137)

The transition rate of the system for a total time T is then given by
T
Rateres = .| [ are @b [ < oDvelaf? >~ o T (i) jofh) |
T'), 2 ot
(4.138)

In the smooth limit § — 0, we get back the commutative result. The explicit presence
of 8 dependent correction term in the relevant first-order transition rate is clearly a
non-commutative effect for which this rate is found to get modified. Thus the decay of
state due to the interaction in non-commutative space-time is beautifully exhibited in
this approach, and this demonstration clearly indicates that the so-called Fermi-Golden
rule has to be modified in a nontrivial way.

4.7 Discussion

A toy-model of (1 + 1)-dimensional non-relativistic quantum mechanics on quantum
space-time have been studied in this chapter, wherein the quantum structure of space-
time arising from the canonical type of space-time non-commutative algebra
which is relevant to capture the essential features of the new quantum geometry of
space-time. In fact, in Appendix, using Dirac’s constraint analysis, we obtain this
non-commutative space-time structure from a first-order non-relativistic system La-
grangian. It is important to note that we did not fix any type of gauge to get the non-
commutative space-time algebra; this deformed non-commutative space-time algebra
was induced by a Chern-Simons like term in momentum space. Therefore, in this sense,
our method is different from some other approaches where suitable gauge fixing was
mandatory [218]. Then we show that by introducing coherent state basis
it is possible to extract an effective commutative theory starting from an operatorial
version of Schrodinger equation (Eq. (4.74))) using Hilbert-Schmidt operators. This
equation now enjoys a similar form to that of commutative quantum mechanics ex-
cept that the point-wise product of two functions is necessarily replaced by the Voros
star product, ensuring positive definiteness of probability density. Also since the star
products involve terms with infinite order derivatives of spatio-temporal variables, this
theory becomes highly non-local. As we start from a time-re-parametrization invariant
form of action, wherein both space and time coordinate are treated as a dynamical
variables, in the sense that they are both parts of an enlarged configuration space and
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eventually are promoted to the level of quantum operators. However, the corresponding
Hilbert space is “’bigger’ in the sense that we needed to introduce a space of physical
states that are equipped with the so-called ‘induced’ inner product to enable us to
provide the conventional probabilistic interpretation. And this is clearly less stringent
than the one used to define L?(R?).

Moreover, we have discussed how this formulation can be applied for the case of
free Gaussian wave packet and harmonic oscillator. For the free particle case, we show
explicitly that, the inherent noncommutativity does not allow to localize the particle
to a single point even if one introduces an infinite uncertainty in the momentum space.
We then compute harmonic oscillator spectra and we observed that the spectra remain
same as we expect for a usual oscillator. But, the corresponding energy eigenfunctions
get deformed. Specifically, the ground state wave functions indicate a parity-violating
shift in the origin and a modified width of the wave packet. We also show that for an
infinitely large confining potential, it is not possible to one can not squeeze the position
of a particle under a threshold scale. This is certainly a non-local feature of the theory
arising purely from space-time noncommutativity. We compute the rate of transition
probability of a bound system under time-dependent perturbation, which gives rise to
implies a similar deformation in Fermi’s golden rule.

4.8 Appendix A

Dirac procedure for generating the deformed space-time algebra

Starting with the first-order Lagrangian written below, here we are going to carry
out Dirac’s constraint Hamiltonian analysis and compute the Dirac’s bracket among
the configuration space variables where space-time and their corresponding canonical
momenta are considered to be configuration space variables of extended phase-space
as,

. 0 .
L = pud” + 5€"pupy —e()(pe + H),  p,v=0,1 (4.139)

where e(7) is an arbitrary Lagrange multiplier enforcing the constraint (p; + H) ~ 0
and the 6 dependent term can be viewed as a Chern-Simons term in the momentum
space. Now we can derive the canonical momenta corresponding to a*,p, and e(7) as
follows:

oL}
T 0 __
T
oL} 9
b 0 _ _ Ty .
Trp 8pu 26 pV7
LT
Te = 0 9 =0 (4.140)
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We can see that the canonical momenta are not related to the generalized velocities
and so that the above equations (Eq. (4.140)|) are interpreted as primary constraints of
the theory and can be written as

0
Py =1, —pu~0, <I>’2‘:7r5+§e“”pyzw0, V=m0 (4.141)
Using the following Poission brackets between the canonical pairs,
{zt,m} =", {pM,T{'Z} =0,"{e,me} =1 (4.142)

we can derive the Poission brackets between the constraints as (Eq. (4.141)) as

{v, v} ={v, (I)LM} = {\II,CI)S} =0

{®1,,P1,} =0
{1, 5} = —0,"
[(OF, DY} = e (4.143)

The sign ~ means weak equality. According to Dirac’s constraint theory we can write
the canonical Hamiltonian as
H.=e(pi+ H) (4.144)

We can see that W gives zero brackets with all other constraints. So it can be classified
as a first-class constraint. The rest of the constraints are classified as second class
constraints as the algebra of ®1, and ®3 , do not close. We can eliminate the second
class constraints by calculating the Dirac brackets.

Now the total Hamiltonian can be written by adding all primary constraints to the
canonical Hamiltonian as following

Hr = 6(7’)(])15 + H) + Al,,uq)l,,u + )\27#@5 + AW (4145)

where A\, A2, and A are suitable multipliers. Now the constraint should be zero at
all times. So for a consistency check we are going to derive the time derivative of the
constraints using Hamiltonian equation and check whether it gives zero:

d=U={Hpm}=p+H=~0 (4.146)

Hence, the consistency condition on the time derivative of W gives a secondary con-
straint (Eq. (4.146))), i.e. the original constraint ¢ appears as a secondary constraint.
No further new constraint is generated due to the time conservation of secondary con-
straint (Eq. (4.146)|) and the iterative process thus terminates. The consistency condi-
tion of the other primary second class constraints is used to fix the Lagrange multiplier
Al A2, which are not of our concern in this context.

Before deriving the Dirac brackets, we need to write the constraint matrix and its
inverse, which are given below.

{®1,,P1,} {P; ,@”}) < 0 -9 ”>
Aa — M ) s 2 — H 4.147
’ < {¢)57 (I)LH} {(I)g: 5} 51//1 fet” ( )
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Oe o+

—1 _ Nz v

(A ap = (_ sn 0 ) (4.148)
Note that Ay and (A™1) 4y satisfy Agp(A™1)pe = Sae.

Knowing the inverse of the constraint matrix, we can easily calculate the Dirac
bracket between two phase-space variables as,

{f7g}D = {f7 g} - {fa (pa}(Ail)ab{Qba g} (414‘9)

we now compute the relevant Dirac brackets between the congiguration space variables
as following:

{zt, 2"} p = O
{Pu,pv}p =0
{z",p}p = 0", (4.150)

So we can see that the Dirac bracket between the space-time variable gives a non-zero
result. We can now easily quantize the system by elevating the classical variables to
the level of operators and elevating the Dirac brackets to the level of the commutator
bracket.

We will also comment on the status of the primary first-class constraint ® and the

secondary constraint W. The primary first-class constraint ® (Eq. (4.141)) involves
the canonical momentum corresponding to the Lagrange’s multiplier e(7), which is not

physical in nature. So we can ignore this constraint. On the other hand, if we com-
pute the Dirac bracket between the secondary constraint ® (Eq. (4.146))), and all other
primary constraints we will get vanishing brackets. So ® can be treated as a first-class
constraint that eventually gives rise to the 7 evolution of the system or the generator
of the gauge transformation of the theory.

4.9 Appendix B
Self adjoint property of XQL and TGL on Ay

Let us define the mapping

M : Ag — (C,
M(V(t,3)) = (2,2|¥) =< 2|¥(2,1)|z > (4.151)

Hence it can be shown that this is a homomorphism from Ay to C with the Voros
star product xy viz.

M(\Ifl(i‘,f),qlg(.ﬁ,f) = (Z,E’\Ill) *y (Z,Z‘\I/Q); ‘\Ifl), ’\112) e Ay (4.152)
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As M is onto and M (I) =< z|I|z >= 1, which imply that M is an isomorphism.
We therefore have
MU (2, D)20(2,8)) = Wiz, t) %y (z*y Ua(z, 1)) = Ut xy XFUo(z,t)  (4.153)

where we have used the fact that the coordinate x suffers a translation due to the
star multiplication with Ws(x,t), because, Voros star product involves exponentials of
derivative operators.

Now using the associativity of the Voros star product we arrive at

\I’T(I, t) *V (a: *V \IIQ(SC, t)) = (\If’{(:c, t) *Vv x) *Vv \1’2(1’, t) (4.154)

= (XFU (2, 1) *y Uz, t) = U} xp XFUy(,t) (4.155)

After integrating both sides with respect to z we obtain
/dil] \If{ *v X@L\IJQ(.’IJ,t) = /d$ (Xé:\lfl(x,t))* *V \Ifg(x,t) (4156)
Thus the operator X(,L is self adjoint with respect to induced inner product itself. A

similar calculation for the operator TQL indeed gives rise to the self-adjoint nature for
the induced inner product itself.



Chapter 5

Conclusions

Even after several decades of intellectual investment, quantum gravity still remain,
arguably, the most important open problem in fundamental physics. The problem of
quantum gravity is being pursued through different approaches, where the primary
objective is to combine general relativity with quantum mechanics. Although none
of these theories are nowhere near their final stage and many of their results remain
tentative in nature, almost all these competing approaches have one result in common
and this is some form of granular structure i.e. quantum space-time at Planck length
scale, although there is no consensus regarding the final mathematical structure of such
quantum space-time. For example, in the approach of loop quantum gravity [219], the
space-time was shown to be describable through certain spin-network, where each node
can be identified as “quantum of space”. Furthermore, it was shown that area/ volume
of a surface/ region are quantized in discrete units and which are computable within the
scope of the theory. On the other hand, in the approach of non-commutative geometry,
the structure of space-time is taken to be non-commutative in nature, where space-time
coordinates are promoted to the level of operators, satisfying non-vanishing commu-
tator algebra. This can serve as possible deterrent against the possibility of forming
micro black holes, arising in any attempt to localize an event to this scale and thereby
effectively removing that part from the observable region. This non-commutative struc-
ture of space-time was later corroborated by string theory also, as a sort of low energy
description.The main objective of this thesis was to study different quantum theories
on quantum space-time manifested through its non-commutativity, i.e. of the latter
type, taken in its simplest form: the Moyal space/ space-time.

In the second chapter, we have shown how spatial noncommutativity emerges in a
planar quantum mechanical problem by taking the example of an interacting electric
dipole subjected to a constant magnetic field in the normal direction. In this context,
it is worth-mentioning that the parent dipole model had particular applications in the
context of fractional quantum Hall effect (FQHE) for filling factor v = £ [220]. Here
noncommutativity appeared as an effective way of describing the interaction with exter-
nal (magnetic) field. Then we have adopted a Hilbert-Schmidt operator formulation to
provide a systematic quantum mechanical analysis of the non-commutative model. A
generating functional was constructed through a coherent state path-integral approach.
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As we know, quantum mechanical models may be interpreted as (0 + 1) dimensional
field theory and can be regarded as a precursor to genuine higher dimensional (i.e.
(24 1) or (3 + 1)- dimensional) field theories. Thus we could have interpreted our
planar theory by a 0 + 1 dimensional non-canonical complex scalar field theory. The
advantage of this perspective is that it facilitated the use of many of the arsenals of
QFT even in our quantum mechanical case. With this, we could analyze the issues
related to the time dilatation symmetry on non-commutative spaces in the chapter. By
exploiting the path-integral analysis, due to Fujikawa, wherein the anomalous terms
are identified with the Jacobian factors obtained from the path-integral measure under
dilatation transformation, we showed that the Ward-Takahashi identities for such 0+ 1
dimensional non-commutative fields associated with broken scale invariance contain
anomalies in all orders.

In next chapter, we had studied emergence of the geometrical phase in a time-
dependent quantum mechanical system in non-commutative phase space. By mak-
ing use of proper non-canonical transformations we mapped the problem on effective
commutative space and determined the energy spectrum. Thereafter, exploiting the
adiabatic circuital theorem, we obtained an expression of geometrical phase over and
above the dynamical phase. Our findings agreed with the group-theoretical analysis
of Berry’s phase. As far as the physical origin of the spatial non-commutative param-
eter is concerned, it can be identified with a non-relativistic fractional spin in 2 + 1
dimension. Given the recent findings of Anyonic excitations in some experiments [221],
we believe our theoretical results may become more relevant in explaining some of the
observations in anyonic systems in near future.

We then take up issues related to space-time noncommutativity in non-relativistic
quantum mechanics in chapter 4. Reperametrization invariant form of (1+1)-dimensional
action for a non-relativistic system is first considered. Here we have shown, how non-
commutative space-time can appear naturally through the Dirac bracket of second
class constraints, in presence of a Chern-Simons like term in momentum space. Here
Non-commutativity (NC) can be interpreted as a fundamental constant of space-time.
Then introducing appropriate Hilbert space, a time-dependent Schrodinger equation
in 1 + 1 dimensional non-commutative space-time was obtained. A salient feature of
our approach is that there is no issue of violating unitarity. The time-independent
non-relativistic model of a free particle and a harmonic oscillator living in this non-
commutative space-time is then analysed. We found that the spectrum of the system
Hamiltonian remains unchanged, making it virtually impossible to see any effect of non-
commutativity in the dynamics of the system. Rather, the wave function gets deformed.
Additionally, for the case of time-dependent perturbation, the non-commutative cor-
rection is shown to appear as a perturbative expansion in the deformation parameter.
By the explicit calculation, we demonstrated that the leading order correction of non-
commutativity can become quite significant in the rate of transition amplitude.

Thus, we studied different aspects of non-commutative space-time in quantum me-
chanics through the lens of 0 + 1 dimensional nonlocal quantum field theory. It was
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quite reassuring to see that in the limit of vanishing deformation parameters the quan-
tum theories reduced smoothly to their usual commutative versions. In this way, we
have successfully illustrated that if we revise the notion of space-time at a short length
scale by A non-commutative geometry associated with one more deformation parame-
ters, these could then be considered as fundamental ingredients of a quantum theory of
gravity. Moreover, non-commutative quantum theories had many novel properties. In
this thesis, we have been strictly confined our attention to the planar quantum systems.
It would thus be an obvious suggestion for future research to generalize this formal-
ism to higher dimensions. As a future goal, we can extend Hilbert Schmidt-operator
formulation of non-commutative quantum mechanics to the coherent state description
of P representation of mixed density matrix, which may admit an immediate hydro-
dynamics interpretation [222] corresponding to the incompressible quantum fluid. On
the other hand, the use of multi-particle systems as a theoretical model for search-
ing some possible Planck scale manifestations has become a very fascinating line of
research [223-225]. Thus, our present investigation may be the basis to develop the
second quantized description of Schrdinger field theory over non-commutative space-
time through the Hilbert-Schmidt operator approach, which can perhaps provide a
natural background to obtain possible signals caused by the quantum fluctuation of
space-time in low-energy earth-based experiments. Furthermore, quantum space-time
structure arising from the relevant nontrivial commutator of [£, #] also may be extended
to understand the structure of quantum Minkowski, Rindler, and Schwarzschild space-
times and study their implications.



Bibliography

[1] M. P. Bronshtein, vol. 6, p. 195, dec 1936.

[2] S. Doplicher, K. Fredenhagen, and J. E. Roberts, Phys. Lett. B, vol. 331, pp. 3944,
1994.

D. Bahns, S. Doplicher, G. Morsella, and G. Piacitelli, pp. 289330. 1 2015.

B. S. DeWitt, The quantization of geometry, in Gravitation: an introduction to current
research, L. Witten, ed., pp. 266381. Wiley, New York, 1962.

S

Ut

A. Connes, “Noncommutative geometry”, Academic Press 1994.
A. H. Chamseddine and A. Connes, Phys. Rev. Lett., vol. 99, p. 191601, 2007.
A. H. Chamseddine, A. Connes, and W. D. van Suijlekom, JHEP, vol. 11, p. 011, 2015.

W. D. van Suijlekom, Noncommutative geometry and particle physics, Mathematical
Physics Studies (Springer, Dordrecht, 2015), ISBN 978-94-017-9161-8, 978-94-017-
9162-5

F. Lizzi, arXiv:0811.0268 [hep-th]

CRESICECT

XD S

]
[10] T. Schucker, Lect. Notes Phys. 659,285350 (2005).
[11] T. Schucker, hep-th/0110068. 990.
[12] A. H. Chamseddine and A. Connes, Phys. Rev. Lett., 77:48687
[13] A. H. Chamseddine and A. Connes, J. High Energ. Phys. 2012, 104 (2012).
[14] H. S. Snyder, Phys. Rev., vol. 71, pp. 3841, Jan 1947.
[15] H. S. Snyder, Phys. Rev. 72 (1947) 68.
[16] C. N. Yang, Phys. Rev., vol. 72, pp. 874874, Nov 1947.
[17] A. Ashtekar, Lectures on nonperturbative canonical gravity, Singapore, Singapore:

World Scientific (1991) 334 p. (Advanced series in astrophysics and cosmology, 6),
Chapter 1.

[18] Y. S. Myung and H. W. Lee, (arXiv:hep-th/9911031).
[19] Horvathy, P.A, SIGMA 2, 090 (2006).

[20] F. G. Scholtz, B. Chakraborty, S. Gangopadhyay and J. Govaerts, J. Phys. A: Math.
Gen. 38 (2005) 9849.

[21] F. D. M. Haldane, Journal of Mathematical Physics, vol. 59, p. 081901, Aug 2018.
[22] V. John, N. A. Viet, and K. C. Wali, Phys. Lett. B371. 252 (1996),

23] Horvathy P.A., Phys. Lett. A, 2006, V.359, T05706.

[24]

106



BIBLIOGRAPHY 107

[25]

J. Sinova, D. Culcer, Q. Niu, N. A. Sinitsyn, T. Jungwirth and A. H. Macdonald.,
Phys. Rev. Lett. 92 126603 (2004).

J. Bellissard, A. van Elst, and H. Schulz-Baldes, Journal of Mathematical Physics, vol.
35, no. 10, pp. 5373-5451, 1994.

F. D. M. Haldane, Phys. Rev. Lett. 107, 116801 (2011).

P. de Sousa Gerbert, Nuclear Phys. B 346 (1990) 440472.

t Hooft G., Classical Quantum Gravity 13 (1996), 10231039,
S. Majid, Class. Quant. Grav., vol. 5, pp. 15871606, 1988.
Townsend, P.K., Phys. Rev. D 15, 2795 (1977).

T. P. Singh, S. Gutti and R. Tibrewala, arXiv:gr-qc/0503116.

M. Born, n. null, E. T. Whittaker, and n. null, Proceedings of the Royal Society A:
Mathematical, Physical and Engineering Sciences, vol. 165, no. 921, pp. 291303, 1938.

G. Amelino-Camelia, Phys. Rev. Lett., vol. 111, p. 101301, Sep 2013.
M. Li, JHEP 0205 (2002) 033. [hep-th/0103107].
F. Lizzi and R. J. Szabo, , Commun. Math. Phys. 197 667 (1998).

G. Landi, F. Lizzi and R. J. Szabo, String geometry and the noncommutative torus,
Commun. Math. Phys. 206 603 (1999).

A. Connes, M. R. Douglas and A. Schwarz, JHEP 9802 003 (1998) hep-th/9711162.
N. Seiberg and E. Witten, JHEP 9909032 (1999) hep-th/9908142.

T. Asakawa and I. Kishimoto, JHEP 9911 (1999) 024 [hep-th/9909139].

V. O. Rivelles, Class. Quant. Grav. 31, 025011 (2014)

F. G. Scholtz, B. Chakraborty, S. Gangopadhyay and A. G. Hazra, Dual families of
non-commutative quantum systems, Phys. Rev. D 71 (2005) 085005.
doi:10.1103 /PhysRevD.71.085005 [hep-th/0502143].

C. Zachos, A survey of star product geometry hep-th/0008010
M. R. Douglas and N. A. Nekrasov, Rev. Mod. Phys.73 977 (2001) hep-th/0106048.
J. E. Moyal, Proc. Cambridge Philos. Soc. 45, 99 (1949)

S. Minwalla, M. Van Raamsdonk and N. Seiberg,Noncommutative perturbative
dynamics, JHEP (2000) 002, 020 [arXiv:hep-th/9912072]

J. Gomis, K. Landsteiner, E. Lopez, Phys. Rev. D 62, 105006 (2000).

P. Basu, B. Chakraborty and F. G. Scholtz, J. Phys. A 44, 285204 (2011)
[arXiv:1101.2495 [hep-th]].

A. Smailagic, E. Spallucci, J. Phys. A 36 (2003) L-517.

A. Smailagic and E. Spallucci, J. Phys. A 37 (2004) 1 [Erratum-ibid. A 37 (2004) 7169
[arXiv:hep-th/0406174].

T. Padmanabhan, Eur. Phys. J. C, 78, 563 (2018) [arXiv:1712.06605]

Pei-Ming Ho, Hsien-Chung Kao, Phys.Rev.Lett. 88 (2002) 151602,
arXiv:hep-th/0110191v2.

F.G. Scholtz, B.Chakraborty, J Govaerts and S.Vadya, J.Phys. A40,14581(2007).

D. Sinha, B. Chakraborty, F. G. Scholtz, J. Phys. A 45 105308 (2012) [arXiv:1108.2569
[hep-th]].



BIBLIOGRAPHY 108

55] Aremua, I., Balotcha, E., Hounkonnou, M. N., arxiv: math-ph/1705.10837v1 (2017)
56] F. Lizzi, M. Rivera and P. Vitale, [ arXiv:1508.02575 [hep-th]]

57] S. Galluccio, F. Lizzi and P. Vitale, Phys. Rev.D78:085007 (2008)

]

58] A.P. Balachandran, A. Ibort, G. Marmo and M. Martone, Phys.Rev. D81, 085017,
(2010).

[59] A.P. Balachandran and M. Martone, “Twisted Quantum Fields on Moyal and
Wick-Voros Planes are Inequivalent”, Mod. Phys. Lett. A24, 1721, (2009).

[60] A D Boozer, Quantum field theory in (0 4+ 1) dimensions, Eur. J. Phys. 28 (2007)
729745.

[61] S. Weinberg, The Quantum theory of fields. Vol. 1: Foundations. Cambridge University
Press, 2005.

] P. Nandi, S. Sahu, S.K.Pal, 2101.07076 [hep-th].

] S. Biswas, P. Nandi, B. Chakraborty, Phys. Rev. A 102 022231 (2020).

4] P. Nandi, S.K. Pal, A.N. Bose, B. Chakraborty, Ann. Phys. 386, 305 (2017)
]
]
]

[
[
[
[

P. Aschieri, M. Dimitrijevi, F. Meyer, and J. Wess, vol. 23, p. 1883-1911, Feb 2006.
R. Prange and S. Girvin, The Quantum Hall Effect, (Springer-Verlag, New York, 1990)

G. V. Dunne, R. Jackiw, and C. A. Trugenberger, "topological” (chern-simons)
quantum me- chanics, Phys. Rev. D |, vol. 41, pp. 661, Jan 1990

[68] S. Coleman, Aspects of Symmetry: Selected Erice Lectures. Cambridge, U.K.,
Cambridge University Press, 1985

[69] R. Jackiw, Introducing scale symmetry, Phys. Today, vol. 25N1, pp. 2327, 1972

[70] R. J. SZABO, International Journal of Modern Physics A, vol. 19, no. 12, pp.
18371861,2004.

[71] R. Jackiw, Nuclear Physics B - Proceedings Supplements, vol. 108, pp. 30 36, 2002.

[72] G. Dunne and R. Jackiw, Nuclear Physics B - Proceedings Supplements, vol. 33, no. 3,
pp. 114 118, 1993.

[73] F. G. Scholtz, L. Gouba, A. Hafver, and C. M. Rohwer, Journal of Physics A:
Mathematical and Theoretical , vol. 42, p. 175303,apr 2009.

[74] R. Peirels, On the Theory of the Diamagnetism of Conduction Electrons,pp. 97120.

[75] S. Hellerman and M. V. Raamsdonk, Journal of High Energy Physics, vol. 2001, pp.
039039, oct 2001.

[76] H. J. Rothe and K. D. Rothe, Classical and Quantum Dynamics of Constrained
Hamiltonian Systems.World Scientific,Singapore , 2010.

[77] R. Banerjee, H. Rothe, and K. Rothe, Physics Letters B, vol. 463, no. 2, pp. 248 251,
1999

[78] Z. Guralnik, R. Jackiw, S. Y. Pi and A. P. Polychronakos, Phys. Lett. B 517, 450
(2001).

[79] B. Muthukumar and P. Mitra, Phys. Rev. D, vol. 66, p. 027701, Jul 2002.

[80] K. Kumar, S. Prajapat, and B. Chakraborty, Eur. Phys. J. Plus, vol. 130, no. 6, p. 120,
2015.

[81] C. M. Rohwer, K. G. Zloshchastiev, L. Gouba, and F. G. Scholtz, Journal of Physics A:
Mathematical and Theoretical, vol. 43, p. 345302, jul 2010.



BIBLIOGRAPHY 109

[82]

[83]

J. Klauder and Skagerstam, Coherent States: Applications in Physics and
Mathematical Physics. April 1 1985..

A. Voros, Wentzel-kramers-brillouin method in the bargmann representation, Phys. Rev.

A, vol. 40, pp. 68146825, Dec 1989.
S. Gangopadhyay and F. G. Scholtz, Phys. Rev. Lett., vol. 102, p. 241602, Jun 2009.

E. V. Gorbar and V. A. Miransky, Relativistic field theories in a magnetic background
as noncommutative field theories, Phys. Rev. D, vol. 70, p. 105007, Nov 2004.

E. V. Gorbar, S. Homayouni, and V. A. Miransky, Chiral dynamics in qed and qcd in a
magnetic background and nonlocal noncommutative field theories, Phys. Rev. D, vol. 72,
p. 065014, Sep 2005).

S. Gangopadhyay and F. G. Scholtz, Journal of Physics A: Mathematical and
Theoretical, vol. 47, p. 235301, may 2014.

L. Faddeev and R. Jackiw, Hamiltonian reduction of unconstrained and constrained
systems, Phys. Rev. Lett., vol. 60, pp. 16921694, Apr 1988

S. Deguchi and K. Fujikawa, No anomalous canonical commutators induced by Berry’s
phase, Annals Phys. 416 (2020) 8160 .

H. J. Rothe and K. D. Rothe, Classical and quantum dynamics of constrained
Hamiltonian systems Singapore: World Scientific, 2010.

J. A. Garca and J. M. Pons, Fquivalence of faddeev-jackiw and dirac approaches for
gauge theories, International Journal of Modern Physics A, vol. 12, no. 02, pp. 451-464,
1997.

R. Jackiw, (Constrained) quantization without tears, in 2nd Workshop on Constraint
Theory and Quantization Methods, 5 1993.

W. Pauli, On the Hamiltonian structure of non-local field theories, Nuovo Cim., vol. 10,
no. 5, pp. 648-667, 1953

K. Nozari, M. A. Gorji, V. Hosseinzadeh, and B. Vakili, Natural cutoff via compact
symplectic manifolds, Classical and Quantum Gravity, vol. 33, p. 025009, Dec 2015.

S. Samanta, Noncommutativity from embedding techniques, Modern Physics Letters A,
vol. 21, no. 08, pp. 675689, 2006.

R. Jackiw, Dynamical Symmetry of the Magnetic Monopole, Annals Phys., vol. 129, p.
183, 1980

M. Rangamani, S. F. Ross, D. T. Son, E. G. Thompson, JHEP 0901, 075(2009),
(arXiv:0811.2049).

C. R. Hagen,Scale and Conformal Transformations in Galilean-Covariant Field Theory
Phys. Rev. D 5, 377 (1972).

E. H. Fradkin, Field Theories of Condensed Matter Physics Front. Phys. 82, 1 (2013).
R. Jackiw, Topics in Planar Physics, Banfft NATO ASI 0191 (1989) 240

R. Jackiw, Dynamical symmetry of the magnetic vortex, Annals of Physics, vol. 201,
no. 1, pp. 83 116, 1990.

S. Kamath, The Dilatation anomaly for the non-relativistic Landau problem, 8 1992.

J. M. Grimstrup, B. Kloibock, L. Popp, M. Schweda, M. Wickenhauser, and V. Putz,
The energy-momentum tensor in noncommutative gauge field models, International
Journal of Modern Physics A, vol. 19, no. 32, pp. 56155624, 2004.



BIBLIOGRAPHY 110

[104]

[105]

[106]

[121]

[122]
[123]

[124]
[125]

[126]

A. Gerhold, J. Grimstrup, H. Grosse, L. Popp, M. Schweda, and R. Wulkenhaar, The
Energy momentum tensor on noncommutative spaces. Some pedagogical comments, 12
2000.

K. Fujikawa, Comment on chiral and conformal anomalies, Phys. Rev.Lett., vol. 44, pp.
17331736, Jun 1980.

K. Fujikawa, Path integral for gauge theories with fermions, Phys. Rev.D, vol. 21, pp.
28482858, May 1980.

K. Fujikawa and H. Suzuki, Path integrals and quantum anomalies. 8 2004
Zheng Yin: A Note On Space Noncommutativity, Phys. Lett. B 466 234 (1999).
D. Bigatti and L. Susskind, , Phys.Rev. D62 (2000) 066004

P. M. Ho, H. C. Kao, Phys. Rev. Lett 88 (2002) 151602, Noncommutative quantum
mechanics from noncommutative quantum field theory.

Subir Ghosh, Phys. Lett. B601, 93-98 (2004), hep-th/0409138.
I. Gradshteyn and I. Ryzhik, Table of Integrals, Series and Products. 2 1966.

M. Umezawa, Regularization of the path-integral measure for anomalies, Phys. Rev. D,
vol. 39, pp. 3672-3683, Jun 1989.

S. K. Bose, The Galilean group in 2 + 1 space-times and its central extension,
Commun. Math. Phys. 169, 385 (1995).

R. Jackiw and V. P. Nair, Anyon spin and the exotic central extension of the planar
Galilei group, Phys. Lett. B 480, 237 (2000).

C. R. Hagen,Second central extension in Galilean covariant field theory, Phys. Lett.
B539, 168 (2002).

P. A. Horvathy and M. S. Plyushchay, Non-relativistic anyons, exotic Galilean
symmetry and noncommutative plane, J. High Energy Phys. 06 (2002) 033.

S. Bellucci, A. Nersessian, and C. Sochichiu, Two phases of the noncommutative
quantum mechanics, Phys. Lett. B 522, 345 (2001).

P. A. Horvathy, The Non-commutative Landau problem, Ann. Phys. (NY) 299, 128
(2002).

A. Saha, S. Gangopadhyay, S. Saha, Quantum mechanical systems interacting with
different polarizations of gravitational waves in noncommutative phase space, Phys.
Rev. D. 97 (2018) 044015

E. Langmann, R.J. Szabo, and K. Zarembo. Exact solution of quantum field theory on
noncommutative phase spaces. J. High Energy Phys., 0401:017, 2004.

Y. Habara, Prog. Theor. Phys. 107 (2002), 211, hep-th/0105002.

D. Xiao, J. Shi, and Q. Niu, Berry Phase Correction to Electron Density of States in
Solids, Phys. Rev. Lett. 95, 137204 (2005).

E. Gozzi and W.D. Thacker, Classical adiabatic holonomy and its canonical structure,
Phys. Rev. D35 (1987) 2398

M. V. Berry, Classical adiabatic angles and quantal adiabatic phase, J. Phys. A: Math.
Gen. 18, 15 (1985).

J. Moody, A. Shapere, and F. Wilczek, Realizations of Magnetic-Monopole Gauge
Fields: Diatoms and Spin Precession, Phys. Rev. Lett. 56, 893 (1986).



BIBLIOGRAPHY 111

[127]
[128]
[129]

[130]
[131]
[132]

[133]
[134]
[135]
[136]
[137]
[138]
[139]
[140]
[141]
[142]
[143]
[144]
[145]
[146]
[147]

[148]
[149]

D. Arovas, J. R. Schrieffer, and F. Wilczek, Phys. Rev. Lett.53, 722 (1984).
F. D. M. Haldane and Y. S. Wu, Phys. Rev. Lett. 55, 2887(1985)

P. Nelson and L. Alvarez Gaume, Hamiltonian interpretation of anomalies, Commun.
Math. Phys. 99,103 (1985).

A. Niemi and G. Semenoff; Phys. Rev. Lett. 55, 927 (1985).
H. Sonoda, Berry’s phase in chiral gauge theories, Nucl. Phys. B266, 410 (1986).

R. Y. Chiao and Y.-S. Wu, Manifestations of Berrys Topological Phase for the Photon,
Phys. Rev. Lett. 57, 933 (1986).

A. Tomita and R. Y. Chiao, Observation of Berrys Topological Phase by Use of an
Optical Fiber, Phys. Rev. Lett. 57, 937 (1986).

C. Bastos and O. Bertolami, Berry phase in the gravitational quantum well and the
SeibergWitten map, Phys. Lett. A 372, 5556 (2008).

J. H. Hannay, Angle variable holonomy in adiabatic excursion of an integrable
Hamiltonian. J. Phys. A 18, 221 (1985).

M. V. Berry, Classical adiabatic angles and quantal adiabatic phase, J. Phys. A 18, 15
(1985)

Y. Jiang, G.-L. Wang, H.-F. Fu and Z.-H. Wang, Chern Simons mechanics in
non-commutative phase space Int. J. Mod. Phys. A 27 (2012) 1250049.

W. Paul, Electromagnetic traps for charged and neutral particles, Rev. Mod. Phys. 62,
531 (1990).

L. S. Brown, Quantum Motion in a Paul Trap, Phys. Rev. Lett.66, 527 (1991).

G. S. Agarwal and S. A. Kumar, Exact Quantum-Statistical Dynamics of an Oscillator
with Time-Dependent Frequency and Generation of Nonclassical States, Phys. Rev.
Lett. 67, 3665 (1991).

L. F. Landovitz, A. M. Levine, and W. M. Schreiber, Timedependent harmonic
oscillators, Phys. Rev. A 20, 1162 (1979).

M. Sebawe Abdalla and R. K. Colegrave, Harmonic oscillator with strongly pulsating
mass under the action of a driving force, Phys. Rev. A 32, 1958 (1985).

A. Hatzinikitas and I. Smyrnakis, The Noncommutative harmonic oscillator in more
than one-dimensions, J. Math. Phys. 43, 113 (2002).

A. Hatzinikitas and 1. Smyrnakis, Noncommutative quantization in 2-D conformal field
theory, Phys. Lett. B 546, 157 (2002)

J.-B. Xu and X.-C. Gao, Squeezed states and squeezedcoherent states of the generalized
time-dependent harmonic oscillator, Phys. Scr. 54, 137 (1996).

J. M. Cervero and J. D. Lejarreta, SO(2,1)-invariant systems and the Berry phase, J.
Phys. A: Math. Gen. 22, L663 (1989).

M. Venkata Satyanarayana, Some studies in coherent states and squeezed coherent
states, Ph.D. thesis, University of Madras, India, 1986.

H. O. Girotti, Noncommutative quantum mechanics, Am. J. Phys. 72, 608 (2004).

J. B. Geloun, S. Gangopadhyay, and F. G. Scholtz, Harmonic oscillator in a background
magnetic field in noncommutative quantum phase-space, Europhys. Lett. 86, 51001
(2009).



BIBLIOGRAPHY 112

[150]
[151]

[152]
[153]

[154]
[155]
[156]
[157]
[158]
[159]
[160]
[161]

162]
[163]

[164]
[165]
[166]
[167]
[168]
[169]
[170]

[171]

D. J. Griffiths, Introduction to Quantum Mechanics, 1st ed. (Prentice-Hall, Englewood
Cliffs, NJ, 1995).

A. C. Aguiar Pinto, M. C. Nemes, J. G. Peixoto de Faria, and M. T. Thomaz,
Comment on the adiabatic condition, Am. J. Phys. 68, 955 (2000).

C. B. O. Mohr, The WKB method for a complex potential, Aust. J. Phys. 10, 01 (1957).

J. Thm, Broken time-reversal symmetry and Berrys phase, Int. J. Mod. Phys. B 07,
2109 (1993).

J. Ihm, Symmetry structures and existence criteria of geometric phases, J. Korean
Phys. Soc. 26, 552 (1993).

R. G. G. Sachs, The Physics of Time Reversal, 1st ed. (University of Chicago, Chicago,
1987).

B. W. Roberts, Time, Symmetry and Structure: A Study in the Foundations of
Quantum Theory, Ph.D. thesis, University of Pittsburgh, 2012.

B. A. Bernevig and T. L. Hughes, Topological Insulators and Topological
Superconductors, revised ed. (Princeton University Press, Princeton, NJ, 2013).

J. Thm, Berrys Phase Originated from the Broken TimeReversal Symmetry: Theory
and Application to Anyon Superconductivity, Phys. Rev. Lett. 67, 251 (1991).

N. Datta and G. Ghosh, Berrys phase for anharmonic oscillators, Phys. Rev. A 46, 5358
(1992).

G. Giavarini, E. Gozzi, D. Rohrlich, and W. D. Thacker, On the removability of Berrys
phase, J. Phys. A: Math. Gen. 22, 3513 (1989).

S. N. Biswas, K. Dutta, and S. R Choudhury, Realization of Berrys phase and Hannays
angle through canonical transformations, Int. J. Mod. Phys. A 09, 2603 (1994).

M. P. Do Carmo, Differential Geometry of Curves and Surfaces, Prentice Hall, 1976.

J. Anandan and L. Stodolsky, Some geometrical considerations of Berrys phase, Phys.
Rev. D 35, 2597 (1987).

R. Jackiw, Three elaborations on Berrys connection, curvature and phase, Int. J. Mod.
Phys. A 03, 285 (1988).

S. Seshadri, S. Lakshmibala, and V. Balakrishnan, Geometric phases for generalized
squeezed coherent states, Phys. Rev. A 55, 869 (1997)

Y. Brihaye and P. Kosinski, Adiabatic approximation and Berrys phase in the
Heisenberg picture, Phys. Lett. A 195, 296 (1994).

M. Maamache, J. P. Provost, and G. Vallee, Berrys phase, Hannays angle and coherent
states, J. Phys. A: Math. Gen. 23, 5765 (1990).

S. N. Biswas and S. K. Soni, Berrys phase for coherent states and canonical
transformation, Phys. Rev. A 43, 5717 (1991).

J.q.Liang and X. X. Ding, Time dependent gauge transformations and Berry’s phase,
Phys. Lett. A 153 (1991), 273.

R. J. Glauber, Coherent and Incoherent states of the radiation field, Phys. Rev. 131,
2766 (1963).

W. Li and K. Sebastian, The coherent states of the twodimensional isotropic harmonic
oscillator and the classical limit of the Landau theory of a charged particle in a uniform
magnetic field, Eur. J. Phys. 39, 045403 (2018).



BIBLIOGRAPHY 113

[172] Y. Aharonov and J. Anandan, Phase Change During a Cyclic Quantum Evolution,
Phys. Rev. Lett. 58, 1593 (1987)

[173] B. Dutta-Roy and G. Ghosh, A factorization property of the berry phase, J. Phys. A:
Math. Gen. 26, 1875 (1993).

[174] W.-M. Zhang, D. H. Feng, and R. Gilmore, Coherent states: Theory and some
applications, Rev. Mod. Phys. 62, 867 (1990)

[175] V. Nair and A. Polychronakos, Quantum mechanics on the Noncommutative plane and
sphere, Phys. Lett. B 505, 267 (2001).

[176] S. Bellucci and A. Nersessian, Phases in noncommutative quantum mechanics on
(pseudo)sphere, Phys. Lett. B 542, 295 (2002).

[177) A. Smailagic and E. Spallucci, Isotropic representation of the noncommutative 2D
harmonic oscillator, Phys. Rev. D 65, 107701 (2002)

[178] O. Bertolami, J. G. Rosa, C. M. L. de Aragao, P. Castorina, and D. Zappala, Scaling of
variables and the relation between Noncommutative parameters in Noncommutative
quantum mechanics, Mod. Phys. Lett. A 21, 795 (2006).

[179] J.-z. Zhang, Testing Spatial Noncommutativity via Rydberg Atoms, Phys. Rev. Lett.
93, 043002 (2004).

[180] J. Wei and E. Norman, Lie algebraic solution of linear differential equations, J. Math.
Phys. 4, 575 (1963).

[181] F. Wolf and H. J. Korsch, Time-evolution operators for (coupled) time-dependent
oscillators and lie algebraic structure theory, Phys. Rev. A 37, 1934 (1988).

[182] R. Gilmore, Lie Groups, Lie Algebras, and Some of Their Applications, 1st ed. (Dover,
New York, 2005).

[183] G. Dattoli, M. Richetta, and A. Torre, Evolution of SU(2) and SU(1, 1) states: A
further mathematical analysis, J. Math. Phys. 29, 2586 (1988).

[184] A. Mufti, H. A. Schmitt, and M. Sargent, Finite dimensional matrix representations as
calculational tools in quantum optics, Am. J. Phys. 61, 729 (1993). Y. Aharonov and J.
Anandan, Phase Change During a Cyclic

[185] J. J. Sakurai, in Modern Quantum Mechanics, revised ed. (Addison-Wesley, Reading,
MA, 1994), pp. 222223.

[186] G. t Hooft, Quantization of Point Particle in (2+1)-Dimensional Gravity and
Space-Time Discreteness Class. Quant. Grav. 13 1023-1040 (1996)

[187] Claudio Teitelboim, Quantum mechanics of the gravitational field, Phys. Rev. D 25,
3159, 1982

[188] W. Pauli, Handbook der Physics, edited by S. Flugge, Vol 5/1 (Berlin, 1926), p.60.
[189] J. M. Romero, J. D. Vergara, and J. A. Santiago, Phys. Rev. D 75, 065008 (2007).

[190] J. G. Muga, R. Sala Mayato and I. L. Egusquiza, Time in Quantum Mechanics Vol. 1,2,
Springer (Berlin, 2008).
[191] R. Brunetti, K. Fredenhagen, M. Hoge, Foundations of Physics 40, 1368 (2010).

[192] J. Butterfield, On Time in Quantum Physics, The Blackwell Companion to the
Philosophy of Time,

[193] V. S. Olkhovsky, E. Recami and A. J. Gerasimchuk, Nuovo Cimento, 22A, 263 (1967).
edited by A. Bardon and H. Dyke, Wiley-Blackwell (2013), pp. 220-241.



BIBLIOGRAPHY 114

[194]
[195]

[196]

[197]
[198]

[199]
200]
201]
202]
203]
204]
205]
206

[207]
[208]

209]
[210]
[211]

[212]
[213]
[214]

[215]
[216]
217]

[218]

T. D. Lee, Phys.Lett. 122B, 217 (1983)

C.J. Isham. Canonical quantum gravity and the problem of time. NATO Sci. Ser. C,
409:157287, 1993.

K.V. Kuchar. Time and interpretations of quantum gravity. Int. J. Mod. Phys. D,
20:386, 2011.

Edward Anderson. The problem of time in quantum gravity. 9 2010.

William G. Unruh and Robert M. Wald. Time and the interpretation of canonical
quantum gravity. Phys. Rev. D, 40:25982614, Oct 1989.

B. Hartle. Generalizing quantum mechanics for quantum gravity. Int. J. Theor. Phys.,
45:1390 1396, 2006.

Nitin Chandra, Time dependent transitions with time-space noncommutativity and its
implications in Quantum Optics, J. Phys. A, 45, 015307,(2012)

P. Nandi, S. K. Pal and R. Verma, Nuclear Physics B935 (2018) 183.
R. Verma, P. Nandi, Gen. Rel. Grav. 51, 143 (2019)

M. Chaichian, P.P. Kulish, K. Nishijima and A. Tureanu, On a Lorentz-invariant
interpretation of noncommutative space-time and its implications on noncommutative

QFT, Phys. Lett. B 604 (2004) 98.

N. Seiberg, L. Susskind, N. Toumbas, Strings in background electric field, space / time
noncommutativity and a new noncritical string theory, JHEP 0006 (2000) 021

N. Seiberg, L. Susskind and N. Toumbas, Space-time noncommutativity and causality,
JHEP 0006 (2000) 044 [arXiv:hep-th/0005015].

L. Alvarez-Gaume, J. L. F. Barbon and R. Zwicky, Remarks on time space
noncommutative field theories, JHEP 0105 (2001) 057 [arXiv:hep-th/0103069].

J. Gomis and T. Mehen, Space-time noncommutative field theories and unitarity, Nucl.

D. Bahns, S. Doplicher, K. Fredenhagen, and G. Piacitelli Commun. Math. Phys. 237,
221 (2003). Phys. B 591 (2000) 265 [arXiv:hep-th/0005129].

A. Deriglazov and B. F. Rizzuti, American Journal of Physics 79, 882 (2011).
See, for example, H. C. CORBEN, Classical Mechanics, Wiley, New York, 1960.

A. Hanson, T. Regge and C. Teitelboim, Constrained Hamiltonian systems, Accademia
Nazionale dei Lincei (Rome, 1976)

P. A. M. Dirac, Lectures on quantum mechanics, Vol. 2, Belfer Graduate School of
Science Monographs Series, Yeshiva University, New York, 1964.

Fulop, G., Gitman, D. M., Tyutin, I. V., Reparametrization Invariance as Gauge
Symmetry, Int. J. Theor. Phys. 38, 1941-1968 (1999).

R. Marnelius, Introduction to the Quantization of General Gauge Theories Acta Phys.
Polon. B 13, 669 (1982).

J.A. Bergou, Junl. Phys. Conf. Series 84 (2007) 012001.
M. A. Rieffel, Induced representations of C-algebras Adv. Math. 13, 176 (1974)

Leonardo Chataignier, Relational observables, reference frames, and conditional
probabilities, Phys. Rev. D 103, 026013 (2021).

R. Banerjee, B. Chakraborty and S. Gangopadhyay, J. Phys. A 38, 957 (2005)



BIBLIOGRAPHY 115

[219]
[220]

[221]

[222]
[223]
[224]

[225]

C. Rovelli and F. Vidotto, Covariant Loop Quantum Gravity. Cambridge University
Press, 2014.

V. Pasquier and F. Haldane, A dipole interpretation of the v = 1/2 state, Nuclear
Physics B, vol. 516, no. 3, pp. 719-726,1998.

H. Bartolomei, M. Kumar, R. Bisognin, A. Marguerite, J.-M. Berroir, E. Bocquillon, B.
Plaais, A. Cavanna, Q. Dong, U. Gennser, Y. Jin, and G. Fve, Fractional statistics in
anyon collisions, Science, vol. 368, no. 6487, pp. 173-177, 2020.

G Ghosh, B Dutta-Roy and M Dey ”On the single-particle Schrodinger fluid” J. Phys.
G: Nucl. Phys. 3 1077

I. Pikovski, M. R. Vanner, M. Aspelmeyer, M. S. Kim, C. Brukner, Probing
Planck-scale physics with quantum optics, Nature Phys. 8 (2012) 393-397.

J. D. Bekenstein, Is a tabletop search for Planck scale signals feasible?, Phys. Rev. D,
86 (2012) 124040.

E. Castellanos, J. I. Rivas and V. Dominguez, Planck-scale-induced speed of sound in a
trapped Bose-Einstein condensate, EPL, 106 (2014) 60005



	Introduction
	 Structure of the thesis

	Planar noncommutativity and broken dilatation symmetry
	The classical model of non-commutative space
	Noncommutativity in quantum picture
	Operator-based formulation of planar non-commutative quantum mechanics

	Coherent state based path-integral approach
	A position and momentum basis for the quantum Hilbert space 
	 The Path integral action and generating functional 
	Equivalent commutative description

	 Broken dilatation (scale) symmetry and Ward-Takahasi identities 
	Non-conserved dilatation charge from Noetherâ•Žs theorem 
	Anomalous Ward-Takahashi Identities

	Computation of the dilatation anomaly: Fujikawa's method
	Discussion

	 Quantum (phase)-space and emergent geometrical phase
	Quantum parametric oscillator in non-commutative phase-space
	Evolution of Ladder operators in Heisenberg picture
	Geometric phases
	Classical analogue: Hannay angles
	Discussion
	 Appendix A
	 Appendix B

	Quantum theory on (1+1) dimensional quantum space-time
	Time re-parametrization symmetry and quantum mechanics in (1+1) dimension 
	Canonical Formulation: Dirac's constraint analysis
	Quantum theory: Commutative space-time picture

	Quantum space-time: Non-commutative picture 
	Quantum theory: The quantum Hilbert space

	Recovery of effective commutative theory
	Schödinger equation and an induced inner product

	Free particle wave packet in the noncommutative space-time
	Schrödinger equation and energy spectra of harmonic oscillator
	Transition probability in presence of space-time noncommutativity
	Discussion
	Appendix A 
	Appendix B

	Conclusions
	Bibliography

